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Abstract 

The study of Einstein equations leads naturally to Cauchy problems 
with initial data on hypersurfaces which closely resemble hyperboloids in 
Minkowski space-time, and with initial data with polyhomogeneous asymp- 
totics, that is, with asymptotic expansions in terms of powers of Inr and 
inverse powers of r. Such expansions also arise in the conformal method for 
analysing wave equations in odd space-time dimension. In recent work [11] 
it has been shown that for non-linear wave equations, or for wave maps, 
polyhomogeneous initial data lead to solutions which are also polyhomo- 
geneous provided that an infinite hierarchy of corner conditions holds. In 
this paper we show that the result is true regardless of corner conditions. 
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1 Introduction 

The hyperboloidal Cauchy problem provides one of the methods of studying 
global properties of solutions of the vacuum Einstein equations. Here one pre- 
scribes Cauchy data on a spacelike hypersurface with asymptotic behavior some- 
what similar to that of a hyperboloid in a Minkowski space-time. Such Cauchy 
problems can be used to prove non-linear stability of Minkowski space-time 
within a restricted class of initial data sets, see [1, 9, 13] and references therein. 
Because the initial data for Einstein equations satisfy the constraint equations, 
one faces the need to consider polyhomogeneous initial data in generic situa- 
tions [2] , that is, initial data with asymptotic expansions in terms of powers of 
Inr and inverse powers of r, where r is a luminosity parameter. Such initial 
data are too singular at the conformal boundary at infinity to be handled by 
the standard theory of hyperbolic equations. 

As a first step towards handling that question, in this paper we study the 
hyperboloidal Cauchy problem for simpler nonlinear wave equations. Indeed, 
a closely related approach for understanding the global behavior of solutions 
of wave equations on Minkowski space-time is provided by the "conformal 
method", which proceeds as follows: Let (^,0) be an (n -|- l)-dimensional 
space-time and let 

= ^^'0. (1.1) 
Let D/i denote the wave operator associated with a Lorentzian metric h, 



^J\deihpa\ V 

Recall that the scalar curvature R = R{q) of is related to the corresponding 
scalar curvature ^ = ^(0) of by the formula 



It then follows from (1.2) that we have the identity 

□.(J^-^/) = (uj + ^(^O^ -R)f] . (1.3) 
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When 5 is the Minkowski metric ij, a non-trivial conformal factor f2 ~ 1/r can 
be chosen so that q is also the Minkowski metric, leading to 

□,(J]-^/) = J]-^n,/. (1.4) 

Because the conformal boundary {O = 0} corresponds to points which are 
infinitely far away for the original metric g, this technique allows one to re- 
duce global-in-time existence problems to local ones; this has been exploited by 
various authors [3-8] for wave equations on a fixed background space-time. 

On a more modest level, the identity (1.3) can be used as a starting point for 
the analysis of the asymptotic behavior of solutions of the scalar wave equation, 
as it reduces the problem to a study of the rescaled equation (1.4) near the set 
n = 0. There is, however, a difficulty that arises for non-linear equations in even 
space-dimension because of half-integer powers of Q in (1.4). This introduces 
singular terms^ in the equations, so that the usual theory of hyperbolic PDEs 
does not apply. This problem has been studied in [11], where it was shown that 
solutions for a class of semi-linear wave equations, or of the wave-map equation, 
with smooth or poly homogeneous initial data on hyperboloids in Minkowski 
space-time, will have a complete asymptotic expansion in terms of half integer 
powers of n ~ 1/r and of powers of Infl, provided that an infinite hierarchy 
of "corner conditions" is satisfied. The object of this paper is to show that 
no corner conditions are necessary for poly homogeneity of solutions of those 
equations. We also extend the results in [11] to general asymptotically flat 
space-times with smooth, or polyhomogeneous, conformal completions. We 
expect to be able to prove corresponding results for Einstein equations in a 
near future, sec also [15]. 

Our main results, in Minkowski space-time, are the following (we refer the 
reader to Appendix A. 2 for the definition of the spaces involved; the hyper- 
boloids are defined as 

■^r = {(i-T)2-|rf = 1}; 

the coordinate x in which the polyhomogeneous expansions are carried out is 

i/\r\y. 

Theorem 1.1 Let 6 = 1 in odd space dimensions, and let 5 = 1/2 in even space 
dimensions. Consider the equation 

□g/ = Hif) , (1.5) 
on M"'S n > 2, with smooth or polyhomogeneous initial data on a hyperboloid 

/l^„£x("-^)/^(^/,^o^n L-) , G xM/2=#/,=o} • (1-6) 

'^It should be mentioned that for special non-linearities the singular terms do not arise. 
Indeed, this is the case for the equation □/ = H{f), where _ff is a polynomial containing 
only odd powers of /. Similarly no singularities arise for the wave map equation with special 
targets [5,6]. However, e.g. wave maps will have such singular terms in general. 
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Suppose that H{f) is smooth in f and has a zero of order £ at f = 0, with i 
satisfying 

fA, n = 2, 
i>l2,, n = 3 , (1.7) 
I2, n>4 . 

There exists r* > and a solution of (1.5)-(1.6) defined on ^Te[o,T*]'^T such 
that for every e > we have 

Theorem 1.1 is a special case of Theorem 2.7 below where asymptotically 
vacuum space-times with polyhomogeneous conformal completions at null 
infinity satisfying mild restrictions on the scalar curvatures are considered, with 
general polyhomogeneous initial data hypersurfaces, and with somewhat more 
general non-linearities. 

Theorem 1.2 Let 6 be as in Theorem, 1.1. Consider the wave map equation on 
R"'^, n > 2. For any smooth or polyhomogeneous initial data on a hyperboloid 

there exists t* > 0, and a solution f defined on ^T&[o,Tt\'^T, such that for every 
e > we have 

Theorem 1.2 is a special case of Theorem 2.9 below. 

This paper is organised as follows. In Appendix A the reader will find a 
description of our notation and conventions, as well as the definitions of the 
function spaces used, together with some auxiliary results needed in the body 
of the paper. In Section 2 we show how to apply our main results, derived in 
later sections, to the nonlinear wave equation, or to the wave map equation, on 
manifolds with conformal completions at null infinity. The discussion in that 
section motivates the hypotheses of our polyhomogeneity theorems in Section 3, 
which is the cornerstone of the paper. There we prove polyhomogeneity of so- 
lutions of a class of systems of first order PDE's. In Appendix B we give a 
considerably simpler proof of our main polyhomogeneity theorem for linear sys- 
tems, under the supplementary assumption that all coefficients in the equation 
are smooth and bounded. 

We acknowledge useful discussions with Olivier Lengard at an early stage 
of this work: he suggested a proof of the result in a simple case, which was at 
the origin of this paper. 
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2 Wave equations near conformal infinity 



In this section we verify that those results of [11] which have been proved for 
the Minkowski metric can be extended to space-times with completions at null 
infinity. We allow conformal completions with poly homogeneous metrics, under 
a condition on the scalar curvature near the conformal boundary. (In fact, met- 
rics in weighted Sobolev spaces suffice for existence of solutions with weighted 
Sobolev regularity.) We also show how to write quasi- linear wave equations in 
a form to which our polyhomogeneity arguments in the next sections apply. 

For convenience of typesetting we will denote by g the metric g from the 
introduction. We assume, as usual (c/., e.g., [13]), that the function Q in 
(1.1) vanishes precisely at a null hypersurface which we denote by =yK, with dfl 
nowhere vanishing on y^. In the construction that follows we assume that O 
is either smooth or and polyhomogeneous; equivalently, ^ is a smooth or 
polyhomogeneous hypersurface. 

Near ^ we can always find, locally, a convenient coordinate system (y, x, v^) 
so that ,yy is given by the equation x = 0, with dy tangent to the generators 
of as follows (compare [16]; this construction can also be carried out for 
•s/^^^Qy n -polyhomogeneous metrics, see [12, Appendix B]): Let C ^ be 
any (n — l)-dimensional submanifold of ,yV, transverse to the null generators of 
Let be any local coordinate system on ff, and let £\ff be any field of null 
vectors, defined on ^, tangent to the generators of ,yV. Solving the equation 
Vii = 0, with initial values £\ff on ff, one obtains a null vector field i defined 
on a .yf -neighbor hood Y C ^ of tangent to the generators of =yf . One 
can extend to ^ by solving the equation £{v^) = 0. The function is 
defined by solving the equation i(y) = 1 with initial value y]^ = 0. Passing to 
a subset of Y if necessary, this defines a global coordinate system (y, v"^) on Y. 
By construction we have £ = dy on "V , in particular gyy = on 1^. This justifies 
the first equation in (2.4) below. Further, I is normal to JV because ^ is & 
null surface, which implies gyA = on i^. This justifies the second equation in 
(2.4) below. 

Let, next, be a field of null vectors on y defined uniquely by the con- 
ditions 

5Wr,^) = ^, g{e\'r,dA) = 0. (2.1) 

The first equation implies that 1]^/ is everywhere transverse to Y. Then we 
define i in a space-time neighborhood C ^ of Y by solving the geodesic 
equation = with initial value £\y at "f. The coordinates {y,v"^) are 
extended to by solving the equations £{y) = £{v^) = 0, and the coordinate 
X is defined by solving the equation £{x) = 1, with initial value x = aX Y. 
Passing to a subset of if necessary, this defines a global coordinate system 
(y, x, v^) on ^ . 

By construction we have 

£ = d^, (2.2) 
hence dx is a null, geodesic, vector field on In particular 

9xx = a{dx,dx) = . 
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Let (z") = {x,v^), and note that 

i{g{l da)) = g{l Vida) = g{l Va.da) = g{l Vd^d,) 

= g{lV9j) = \da[g{li))=0. 

This shows that the components gxa of the metric are a:;-independent. On ^ 
we have gxy = 1/2 and gxA = by (2.1), leading to the following form of the 
metric 

g = dx®dy + xdy®dy + + fi , (2.3) 

with 

x\x=o = , 7U=o = . (2.4) 
The symbol denotes a symmetrized tensor product: 

Furthermore, 7 = jAdv^ is a one-form field, and /x = ^ab dv'^^dv^ is a sym- 
metric tensor field. By inspection of (2.3), the tensor field induced from g on the 
surfaces y = const has signature (0, -|-, . . . , -|-), thus these are null hypersurface. 

An example of the coordinate system above is obtained by taking =yK to be 
the light-cone of the origin in (n + l)-dimcnsional Minkowski space-time, with 
X = r — t, y = t + r, then the Minkowski metric r/ takes the form 

77 = -dt <Si dt + dr <Si dr + r'^dfl^ = dx®dy + r'^dil'^ , 

so that X = 7 = 0. 

In asymptotically flat solutions of asymptotically vacuum Einstein equa- 
tions, a slight variation of the construction above leads to the Bondi coordinates 
near Scri [17], with the metric taking instead the form 

gs = e^^dx^dy + xdy®dy + 2^^dy + /x , (2.5) 

for some function /? (and, in general, different x l)- (Here y corresponds 
to the Bondi retarded time u, and x = l/2r is half the inverse of the luminosity 
distance r.) In 3 + 1 dimensions, for smoothly compactifiable metrics, the 
Einstein equations imply, for matter fields decaying sufficiently fast, that /3 = 
0{x^) as well as 

X = 0{x^), jA = 0{x^), (2.6) 

with derivatives behaving in the obvious way. One can go from (2.5) to (2.3) 
by redefining x, without changing the remaining variables, in a way which will 
preserve (2.6). Equation (2.6) remains valid for asymptotically vacuum metrics 
which, after conformal rescaling, arc polyhomogencous and (see [12, Sec- 
tion 6] or [10, Appendix C.1.2]), while for general =e/|^^Q|nL°°-polyhomogeneous 
asymptotically vacuum metrics one has [12, Equations (2.15)-(2.19) with H = 
= 0] the asymptotic behaviors (5 = 0{x^ In^ x) and 

X = 0{x'), 7A = 0(a;'ln^x) , (2.7) 
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for some A^. Here "asymptotically vacuum" requires, for poly homogeneous 
metrics, that the components of the energy-momentum tensor in asymptotically 
Minkowskian coordinates satisfy (see [12, end of Section 2]) 

= o(r-2) . (2.8) 

Returning to (2.3), we have 

det 9 — det /x , 

which shows that /x is a non-degenerate (n — 1) x (n — 1) tensor field. It is simple 
to check that the inverse metric g'^ = g'^'^da®d^ is given by the formula 

5« = A{-x + \l\l)d:c®d^ + Ad^®dy-A^^®d^ + ij^ 

= A^,®(^y + {-x + \l\l)^,-l^)+^iK (2.9) 

with = ^^^Oa^Qb, where is the matrix inverse to hab, t" = jJ-^^lAds-, 
and |7|^ = /x*(7,7) = h^^jaIb- We note 

g(yy,Vy)=gyy = 0, 

which confirms the null character of the level sets of y, and can also be used for 
an alternative justification of the fact that the integral curves of 

Vy = g^^dayd^ = g^^d^ = 2d, 

are null geodesies. 

Consider a system of N second order PDE's for an m-components field u, 
with diagonal principal part {g°''^ (8) Id)dadj, where Id is the m x m identity 
matrix: 

g'^^dadju = F{x^,u, du) . (2.10) 

(Recall that the metric g here should be thought of as the metric g of the 
introduction, with the field u being an appropriately rescaled equivalent of 
some field defined on the original space-time.) We start by checking whether 
such a system can be written, locally, in the form considered in Section 3 below. 
For this we let = eA~^dc-, A = 1, . . . , n — 1 be a local ON basis for and set 

e_ = 2(dy + {-x + \l\l)d,-l^) , e+ = -2d,, (2.11) 
'ipo = u, tpA = VA = eA{u) , (p+ = e+{u), V-=e-(n), (2.12) 
tp = {llJo,tp-,i>A) , (f = {ip+,ipA) ■ (2.13) 

(Factors of two and signs in (2.11) have been introduced for consistency of 
notation with [11].) Then 

g^^d^d^u = 2e.{d,u) + Y,{eA{eA{u))-eA{eA^)dcuj 

A 

= 25^(e_(n)) + 2[e-,d,]u + (eA{eA{u)) - eA{eA^)fc^eBU^ , 

A 
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where fc^ denotes the matrix inverse to e^^, and (2.10) imphes the fohowing 
system of equations for (f/;, ^p)■. 

dxipA -[dx,eA\u = -^eA(p+ , 

\2' 



dy^+ =-{{-X + \l\l)d.-fW+ 



_ T.A(^Ai^A - eA{eA^)fc''i^B) - iF(x^V,V^) , 
dy'^A -\[e-,eA]u = -{^{-x + HDdx-l^^^A + ^eA'tp- ■ 

(2.14) 

It is understood that the commutator terms have to be expressed as hnear 

functions of (/? and 'ip, and that those substitutions have also been done when 
writing F{x^,u,du) as F(x'^, ■0, V')- It follows that all the requirements con- 
cerning the principal part of (2.10), set forth in Section 3 will be satisfied for 
polyhomogeneous, or smooth, metrics if there exists m such that 

X = 0{x^+^lirx) , 7A = 0(x^+^ln™x) . (2.15) 

In situations of main physical interest with = ,J^^ the dimension is 3 + 1, 
the space-times are asymptotically vacuum, the appropriate choice of 6 is one, 
and Equation (2.7) shows that (2.15) holds. 

In situations where (2.15) does not hold one can proceed as follows. Suppose, 
first, that the metric g is smooth. One can then introduce new coordinates 
{x,y,v^) by setting y = y, and letting (x,v^) be defined as solutions of the 
equations 

e-{v^) = e^{x) = , (2.16) 

with initial values v'^\y=o = v^, x\y=o = x. In the new coordinate system we 
have e_ = dy] equivalently 

This gets rid of all derivatives of (p in the right-hand-sides of the last two lines of 
(2.14), when those equations are rewritten in terms of the hatted coordinates; 
e.g., the last equation in (2.14) becomes 

(^y'PA - ^[e-,eA]u = ^e^V'- • 

(Note that we do not change the definitions (2.11)-(2.13), which still use the 
coordinates {x,y,v^) constructed above.) One can check that the remaining 
derivatives in (2.14) will change in a way compatible with our hypotheses in 
Section 3. In any case this follows from the analysis of Ci n ^^^^qj metrics, to 
which we pass now: We need (2.17) to be satisfied to first order of x: 

^ = -X + + 0{x^+^ In^ x), ^ = -M^^7B + 0{x^+^ x) . (2.18) 
oy ^ oy 



8 



We have 

therefore there exist T,r"^, smooth functions of {v^,y), such that 
i-X + h\l)ix, v^,y) = T{v^, y)x + 0(x^+^ In- x) , 

We make the ansatz 

x = x + x^{v^,y) , = v^ + xri'^{v^,y) , y = y, (2.19) 
and (2.18) leads to the following equations for ^,r]^: 

T{1 + + ^ = 0, r^ + ^ + r/^T = 0. (2.20) 
oy By 

We impose ^(i;"^,0) = = ri^{v^,d). Conversely, smooth solutions to (2.20) 
with those initial values give (at least for a;, y close to 0) 

^ = T(^^, y)x + 0{x^) , ^ = T^{v^, y)x + 0{x') , 

and we end up with the following transformation rules for the derivatives: 

dx = (1 + Od£ + V^d^A , 
d^A = d^A + x7]^^Adi,B + x^^aOx , 

= dy + 0{x^+^ liT x) . 

This shows that, in the hatted coordinates, for all jz/^'^^Q^-polyhomogeneous 
metrics, (2.14) takes a form which is compatible with our hypotheses in Sec- 
tion 3. 

We consider now a scalar field u satisfying a non-linear massless wave equa- 
tion in the physical space-time. What has been said shows that the second- 
derivative terms in the equation satisfy the requirements of Section 3. The 
zero order terms arising from the supplementary curvature term in (1.3) will 
be compatible with the requirements of Theorem 3.1 or Theorem 3.7 if, e.g., 

(2.21) 

One can always achieve R{g) = by a smooth redefinition of the conformal 
factor $7, when g is smooth, by solving the Yamabe equation. Similarly if the 
metric is Ci fl ^^^^^y and i?(g) satisfies 

^(0) e ^{Lo} (2-22) 

(in fact R{g) G '^{o<x<y} suffices), then our results below show that this redefi- 
nition can again be made, leading to a new metric of jz^Q^^^j^^-differentiability 
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class. ^ Then (2.21) becomes a restriction on the rate of fah-ofF of scalar cur- 
vature of the space-time metric g near null conformal infinity = .J/ ^ in 
particular (2.21) will be satisfied when g is vacuum. Note also that (2.7) is 
preserved by any conformal transformation with bounded conformal factor, so 
that such a redefinition of g will not affect that equation. 

Next, still for a scalar field, in order to find the first order terms which arise 
from Dg we write 

Ugu = -j=^=da(\/\detg\g'^'^d^u) 
V|det5r| ^ ^ 

= ^ r hdy ( V|det/x|a^u) - 2d A ( V|det/x|/x^^7Ba^«) 

Y^ldet^l V 

+2^^{^y\det ii\{dyu + 2{-x + h\l)d^u - 7«n)) + A^u . 

For Co n ^|^^Q|-polyhomogeneous metrics it only remains to check whether 

the terms multiplying ip, as defined in (2.13), are in Co H =e^^^Q|. Since all 
occurrences of a single Cyi -derivative of u can be put into ipA, one only needs 
to keep track of terms which arise as coefficients of = e+(«) = —2dxU; the 



relevant collected contribution to reads 

2(5j,(^diM) - aA(^d^/x^^7B) + 2d,iV\d^\{-X + hlD) 



dxU 
V|det/x| 

The coefficient of dxU will be in Cao + x^'i^^Q<^x<y} 3 ^ ^{x=o}^^^^^^'> 

where denotes the space-time manifold with the conformal boundary ^+ 
added. 

Summarising, we have proved: 

Proposition 2.1 Consider a space-time (^,g) with s/^^^^q^HC^ {^)-polyhomogeneous 
conformal completion at null infinity, and suppose that (2.21) holds. The scalar 
wave equation on (^, g) implies a system of equations to which Theorem 3.1 
applies. 

Similarly if it is a solution of the non-linear wave equation (2.41) as in The- 
orem 1.1, or of the wave-map equation as in Theorem 1.2, then the lower order 

terms discussed so far are compatible with the requirements of Theorem 3.7. 

We show, next, that any system of the form (2.10) can be written in a first 
order form as in Section 3 of [11]. Recall that in that last reference a coordinate 
system (x, v"^,r) was used, with r playing the role of a time variable. The 
solutions there were defined on the set 

^x^ j: = {[x, v'^,t) : < X < xi -2t, v e ff, < r < T} . 



sufficient condition for R{g) € J^{o<x<y} is that g is of (Ccx)+a;^^/{^3,=o})-differentiability 
class, but this restriction is certainly not necessary; note that for 5 = 1 wc have Coo + 
x^s^^^^Qy = Ci n s^^^^QT^. It is likely that the condition p e Ci fl s^^^^q^ suffices for polyho- 
mogeneity of solutions for all 5, see Remark 3.10 below. 
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{x = 0,T = T) 



{x = xi- 2T, T = T) 



XI, T 



= 0, r = 0) ^ 



dr 



{x = Xl,T = 0) 



= 0, r = T) 



X = 




{x = 0,y = 2T) {x = 2T,y = 2T) 

x = 

\ / dy 



(x = 0,r = 0) ^ (x = 2r,r = 0) 




{x = 0,y = 0) 



Figure 1: The variables {x,t) and {x,y). 



This will be made compatible with (2.14) by replacing the coordinate y with a 
coordinate r, 

y- X. 



so that 



{x,y) — > {x,T 



dx ^ dx 2 ' 



1 



(2.23) 



(2.24) 



(see Figure 1). In this work we are interested in the behavior of solutions near 
the set {x = 0}. For this purpose it suffices to study the properties of the 
solution u on the following subset of ^xi,T- 

^ = {{x,v'^,y) : < x < y, V e ^, < y < 2T} . (2.25) 

In view of (2.24), (2.11) takes the form 

e. = dr + {-x + b\l){'idx-dr)-2ji , e+ = dr-2dx. (2.26) 

We keep the definitions (2.12)-(2.13), and rewrite (2.14) as 

{dr - 2dx)tpA -eA^+ -[dr - 2dx, eA\u = , 

-Ea^aV'a +e-(p+ +Y.A(^A{eA'^)fc^ipB = -F{x^','^p,(p) , 

{dr - 2dr)i^o - = , 

{dr-2dx)tp- -Y^j^eAfA -[dr -2dx,e_]u + Y,j^eA{eA^)fc^'4^B = -F{xi^ ^il^^tp) , 
-CAip- +e-(pA -[e-,eA\u =0. 



(2.27) 
(2.28) 
(2.29) 
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If we assume that the metric coefHcients are (j2^"^^Q-^nCi)-polyhomogeneous, 

then ah coefficients in (2.27)-(2.29) are of at least s^^^^q^ fl Co-differentiabihty 
class. 

The system (2.27)-(2.29) is of the form considered in [11, Section 3]: For 
example, the matrices E'^ of Equation 3.5 of [11] take the form = (g) Id, 
with e± = ej^d^ as in (2.26). The covcctor field in [11, Equation (3.12)] can 
be taken to be equal to dr. The matrices can be read-off from (2.27)-(2.29): 



( 






-ei 



-ei 




\ -e„_i 
A natural choice for L is then 



-Cn-l \ 



) 



/ ^0 \ 

V V'n-1 J 



Lijj 



/ 

-ei 

\^ -e„_i 



-ei - 



ei(Vdet jLt) 
Vdet/I 



-Cn-l 



SO that 

£4^ = 
This implies 



/ 


\^ 






ei(v/det fj,) 
Vdet n 








i(v/d5t7I) \ 
\/det fl 





-01 



01 



\ V'n-1 / 



ei(Vdct ;i) 



divei — ei 



I en-l(Vdit77) _ J • 
\ VditTI OlVCn-l en-1 





-divei — ei 










-diyCn-l - Cn-l 



/ 



where div denotes the divergence with respect to the measure \/det /iab dv^ • • • dv^~^. 
It immediately follows that [11, Equations (3.9) and (3.11)] hold for ^^^^QyllCi 
metrics. 
We have 

El = ld, EL = {l + x-b\l)ld, 

which shows that the first condition in [11, Equation (3.12)] holds. On the other 
hand, [11, Equation (3.13)] holds only for i?^. However, we note the following 
result, where the notation from [11] is used: 
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Proposition 2.2 Under the remaining conditions of [11, Proposition 3.1], sup- 
pose that instead of [11, Equation (3.13)] we have 

(2.30) 

Then the conclusions of [11, Proposition 3.1] hold. 

Proof: If [11, Equation (3.13)] does not hold, then the commutators in the 
unnumbered equation after [11, Equation (3.28)] will have supplementary terms 
such as, e.g., 

k 

Y,{l)AdlEl)x'^-'dt%X ■ (2.31) 

i=l 

Prom the evolution equations [11, Equation (3.5)] one has 

= {EL)-^(^-E=^d^^-E^dAV-iB^+Bu)<p-Li;-Butp + a^ , (2.32) 

dri^ = (El)-^ ( - Eld^^i; - E^dA^ - {B+ + B22)^ + i^V - ^21^' + fc) . (2.33) 

This is inserted in (2.31). Some care has to be taken, because the norm used 
requires that each a;-derivative comes with a factor of x. This works well for 
because of the requirement in [11, Equation (3.14)] that E^ G '^1{Mx^-2t)- 
On the other hand, the x-derivatives of that result in (2.31) are rewritten as 

k 

Y,{k)i^'-'dl-'d,El)x''-^+'dt'{{El)-'Eld,i^) , (2.34) 

i=l 

and the estimates are done as in [11] starting from this formula. The remaining 
supplementary terms are handled in a similar way. □ 

An identical argument gives: 

Proposition 2.3 Under the remaining conditions of [11, Proposition 3.2], sup- 
pose that instead of [11, Equation (3.13)] we have 

PI(r)||^0(^^^_,^) + ||S;(r)||^0(^^^_,^) + ||5,E;(r)||^o_^(M^) < C . (2.35) 
Then the conclusions of [11, Proposition 3.2] hold. 

□ 

The next question we wish to address is that of the choice of the initial data 
surface . The estimates of [11] were made under the assumption that 

^ = {r = 0} . 

This might be overly restrictive for several purposes. The simplest generalisa- 
tion is to assume that coincides with a member of the family of hypersurfaces 
S^s defined as 

ys = {T = s + a{x,v^)} , (2.36) 
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where cr is a function satisfying 

<^ e %=0},k ■ (2-37) 

The field of conormals to the oJ^^'s is dr — dxcr dx — dAO'dv'^, so that these 
hypersurfaces will be space-like for the system considered in [11] if 

f EL-E^_dxa^E^dAa -I^Oacj ^>,>n ^238) 

V -{i^fOAa El-Eld^a-EpACT ) ' ^ ' 

for some constant e. We have 

Proposition 2.4 Assume (2.36)-(2.38), and suppose that the coefficients in 

the equation remain in the original space after differentiation by (xdrY , with 1 < 
i < k — 1. Then the estimates of [11, Propositions 3.1 and 3.2], as generalised 
in Propositions 2.2 and 2.3, remain valid for solutions with initial data on S^q, 
with the norms in [11] understood as norms of functions on 5^%. 

Proof: One integrates the divergence [11, Equation (3.22)] on the family of 
sets, parameterised by s, 

{c7(x, v^)<T <s^ a(x, v^) , < X < xi - 2t} . 

The argument in [11] leads then to an estimate on the integrals over the ^^'s of 
X- and u'^-derivatives of the fields. To relate those integrals to intrinsic Sobolev 
spaces on the J^s's it is convenient to pass to a new coordinate system (f, x, v^) 
defined by the equations 

T = T — a[x,v ), X = X, V =v . 

We then have 

dx = dx + dxCr dr , O^a = 5„a + d^Aadr , 

so that 

x'd]dlf = x^d2dlf+ 

Yl ^(io, ...,jk,7o,..., ikW'^''d2°di'd^rf){xi^di^d2'cT) . . . {x^^di>'d'i''a) , 

where the sum is taken over all indices satisfying jo+. • .+jk = h l7o|+- • •+l7fc| = 
I7I, with 1 < k < i + \^\. One can use (2.32)-(2.33) to eliminate r-dcrivatives; 
the fact that such derivatives of ij: are replaced by x-derivatives introduces the 
restriction 9^0" = 0{x) when k = 1, and to (2.37) for higher k. □ 

To proceed further, one needs to make a choice for the scalar products and 
covariant derivative operators. We assume that u = (n") maps the original 
space-time into M™, with canonical scalar product. For a scalar field we take 
m = 1. In case of wave maps, we will be interested in maps that asymptote a 
point p in the target manifold when we approach {x = 0}. We choose normal 
coordinates near p, and the u"'s are the coordinate components of the map. 
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We take ^ = E^d^, so that the matrices B± in [11, Equation (3.16)] 
vanish. We choose 

W = E(V'i)'+E((^o")' + (^-)') ' 

a,A a 
a,A a 

The "energy-momentum vector" X in [11, Equation (3.21)] equals then 

X = |v?|2e_ + |V|V, (2.39) 

and we use the usual measure ^y\'detg\d"'~^^ x = ^^y\detJ^\d"^~^^x to integrate 
over domains in the (conformally rescaled) space-time, so that 



divX = V^X'' = a^(v/|det/x|X'^)/v/|det/x| . 

Rather than deriving VaE^ from first principles, it is simpler to calculate 
directly divX using (2.39) and estimate the corresponding terms. This gives 

|V„£;g| < jVae^l . 

It now follows from (2.11) that the relevant estimates in [11, Equation (3.14)] 
and [11, Equation (3.15)] hold for any [ss/^^^q^ n Ci)-polyhomogeneous metric. 
Summarising, we have proved: 

Proposition 2.5 The estimates of [11, Propositions 3.1 and 3.2] hold for the 
scalar wave equation 

□ gU = 

on any space-time with {s^^^^q^ PI C\)-polyhomogeneous conformal completion 
at null infinity for which 

n-"^ {Rm' - m) e <=o} • (2-40) 

2.1 Semi-lineeir wave equations 

We continue with existence of solutions of the semi-linear wave equation: 

nj = H{x'\f). (2.41) 

The spaces 

J^^(^o) below are defined in [11, Appendix A]: 

Theorem 2.6 Consider a space-time g) with ^^^^QynCi{^)-polyhomogeneous 

conformal completion at null infinity satisfying (2.40), where 6 is the inverse of 
a strictly positive integer. Let o5^o be a spacelike hypersurface in ^ of the form 
(2.36), with a satisfying (2.37) together with 

liminf a^o- > -1/2 . (2.42) 

x—*0 
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Set 

and suppose that the initial data for (2.4I) on S^q satisfy, for some k > [^J + 1 
and — 1 < a < —1/2, 

Suppose thatH{x^,f) issmoothinf atfixedx^, bounded and S-polyhomogeneous 
in x^^ at constant f, and has a zero of order £ at f = 0, with I satisfying (1-7). 
There exists T > and a solution of (2.41) defined on y^se[Q,T]'^s such that 

/ e ^fo<x<,},fc-i-Lf j(Use[o,7l^.) n , (2.43a) 

dxJ e '^{o<L<2/},fe-i-Lf J (^«e[o,r]^s) n "^{^ =o},o > (2.43b) 

dje ^fo<.<,},ik-i-Lfj(U.6[o,T]^.) • (2.43c) 

Proof: The proof of existence is essentiaUy a repetition of that of [11, The- 
orem 4.1]. Condition (2.42) guarantees that (2.38) holds for x small enough. 
Using the results established earlier in this section, one proceeds as in [11] until 
Equation [11, Equation (4.32)]. When g is smooth, that last equation is han- 
dled by introducing the variables {x, y, v^) as in (2.16). This leads again to the 
estimate [11, Equation (4.33)]. In order to obtain [11, Equation (4.34)] one can 
proceed as follows: in the coordinate system (x,y,v^) we have dxf = — 
and integration in x until the initial data hypersurface {r = a{x,v^)} gives 

fix, y, v^) = /(xo(y, v^),y, ^ ) + 2 j ^ ' (2-44) 

where xq is implicitly defined by the equation 

xo + 2a{xo,v^) = y (2.45) 

(note that (2.42) implies that the left-hand-side is a strictly monotonous func- 
tion of xo, guaranteeing solvability of (2.45)). Reverting to the variables (r, x, v^), 
this leads to the estimate 

|7(r,x,^;^)| < WfUh- + I sup y+is)y^ r s'^ds . (2.46) 

Clearly, sup^gjo.r] ll<^+(^)ll^{^ _gj q satisfies the same estimate [11, Equation (4.33)] 
as ||<z'+(r)||«'a , which allows us to recover [11, Equation (4.34)1. The re- 

{a:=0},0 

maining arguments of [11, Theorem 4.1] apply without changes. This provides 
existence, and space-derivative estimates, for smooth metrics g. 

When Q is polyhomogeneous, a little more work is needed: the variables 
{x,y,v^) are introduced as in (2.19). This allows us to rewrite the fourth 
equation in (2.14) in the form 

^y'P+ +~^'P+ = P , 
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where, in the notation of [11], the source term can be estimated as, for any 
A < 0, 



||p(r)||^. < c(||^(t)||^. +||G(r)||^. 

{x=Oi,0 \ |x— 0},1 {. 



||^(r)|| . 

{x=0},l / 



+ 

" ' 

<CMr)\\ ^_i^^<CEx+,{t) 



Here G = -Jl-("+3)/2//. The last term above arises from the scalar curvature 
terms in (1.3). The number e > 0, due to possible powers of Inx in the co- 
efficients in the equation, can be chosen to be arbitrarily small. We choose e 
so that a — e > —1, set A = a — e and obtain an obvious modification of [11, 
Equation (4.33)] with a there replaced by A. Equation (2.46) with a replaced 
by a — e leads then to the following variation of [11, Equation (4.34)]: 

\f{r,x,v^)\<\\f\^jL'^+Ce^-\\cp+m\^c,-. + r e^(--'^C{E^{s),E^^,{s),\\m\\L^)ds , 

{x=0},Q Jq 

for a certain continuous function C, bounded on bounded sets. We combine the 
estimate [11, Equation (4.29)] with its equivalent where a is replaced by a — e 
to obtain 

||/(t)||loo + Ea{T) + Eo,_,{t) < 11/1^0 lU- + Ce^" f^a(O) + E^_,{0) + ||(^+(0)||^«-. ] 

\ {a!=0},0 y 

+ £ ^ (T,s,\\f{s)\\L^,E^{s),E^_,{s)^ ds , (2.47) 



and one concludes as in [11]. 

The estimates (2.43) on the time-derivatives are obtained by a repetition of 
the argument of the case m = of [11, Theorem 4.4], together with a weighted 
Sobolev embedding. □ 

We are ready now to prove the first main result of this paper: 

Theorem 2.7 Let 6 = 1 in odd space dimensions, and let 5 = 1/2 in even space 
dimensions. Under the hypotheses of Theorem 2.6, suppose moreover that H is 
^^Q^^^yy-polyhomogeneous in x'^ with a uniform zero of order I, and that both 
the function o defining 5^q, and the initial data are polyhomogenous: 

Then the solution given by Theorem 2.6 satisfies 

In particular for every e > we have /lu^gf^ t]-^s ^ '^{x=o} ^ ■ 
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Proof: Setting & = S^q f] ^ in the construction at the beginning of this 
section leads to a coordinate system in which o5^o ^ ^ C {y = 0}. As explained 
at the beginning of Section 3.1, we can then without loss of generality assume 
that ^0 = {y = x}. Theorem 2.6 with A; = oo and Proposition 2.1 show that 
the hypotheses of Theorem 3.7 below are satisfied, and the result follows. □ 

More precise information on the behavior of / can be obtained from Theo- 
rem 3.7 and Remarks 3.8-3.9 below. 



2.2 Wave maps 

Let (A'^, h) be a smooth Riemannian manifold, and let / : 5) {N, h) solve 
the wave map equation. As already pointed out, we will be interested in maps 
/ which have the property that / approaches a constant map /o as r tends 
to infinity along lightlike directions, fo{x) = po & N for all x G For the 
purposes of the analysis in [11] it was useful to use normal coordinates around 
Po, and if we write / = (/"), a = 1, . . . ,dimA^, then the functions /" satisfy 
the set of equations 

B,r + e^''ruf)^,^ = o, (2.48) 

where the T^^'s are the Christoffel symbols of the metric h. Setting as before 
/" = = $7^5, we then have from (1.3), 

(2.49) 

Proceeding as in (2.11)-(2.13) with each component of /, we obtain the 
system of Equations (2.14), with the obvious replacements associated with / = 
Q ^ 2~ ^ / — s. and with F = {F"-) taking the form 



2n 



+ ^^^ij^lVgJ^lV^Vs} + - R^-^Wo ■ (2.50) 



We have 



Theorem 2.8 Consider a space-time (^, g) with s/^^^Q^r\Ci{^)-polyhomogeneous 
conformal completion at null infinity satisfying (2.4O), where 6 is the inverse 
of a strictly positive integer. Suppose that the conformal factor O is of (C2 n 
-^^^^Qj ) -differentiability class. Let S^q be a spacelike hypersurface in ^ of the 
form (2.36), with a G '^{j.^q} fe satisfying (2.42). Suppose that the initial data 
for (2.50) on 5^^ satisfy 

_ ^ r(jr,';,nL-)(^o), n>3, 
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d.rW, G M'k^iyo), (2.52) 



for some fc>^ + l, — 1<q;< —1/2. If n = 2 we will moreover assume a 
single "corner condition" 





f e "^mxKyU-i-l^i (U.e[o,T]^s) n , (2.55a) 
dj, drfe ^fo<,<,},fe_i_Ltj(U.e[o,T]^.) , (2.55b) 



for n > 3. If n = 2 the differentiability indices in (2.55) have to he replaced by 



Proof: The proof of existence is, again, a repetition of that of [11, Theo- 
rem 5.1]. The reader wih note that, by definition of nuh infinity, the function 
|V0|? vanishes at ^ so that |V0||/0 G L°°. Similarly e_(17)/0 G L°°, which 
implies that all those terms in (2.50) which are already present in [11, Equa- 
tion (5.3)] have the right structure. The last term in the third line of (2.50), 
which is new, can be absorbed in the linear part of the operator. The last term 
in the second line of (2.50), which again is not present in [11, Equation (5.3)], 
can be controlled using ab < + b^, which allows one to absord this term in 
the remaining ones (note that eA_i^)/^ G L°°) for the purpose of estimates. 
Those estimates can be done as in [11] until Equation [11, Equation (5.22)], 
which is replaced by (2.44). This leads to the inequality [11, Equation (5.23)] 
(the (f - term there is actually not necessary in the intermediate inequality) . In 
space-dimension two one further obtains [11, Equation (5.24)] by differentiating 
(2.44) with respect to v^. 

The estimates (2.55) on the time-derivatives are obtained by a repetition of 
the argument of the case m = of [11, Theorems 5.4 and 5.5]. □ 

This leads us to the second main result of this paper, which is a consequence 
of Theorems 2.8 and 3.7, as in the proof of Theorem 2.7: 

Theorem 2.9 Let 5 = 1 in odd space dimensions, and let 5 = 1/2 in even space 
dimensions. Under the hypotheses of Theorem 2.8, suppose moreover that both 
the function a defining S^q, and the initial data are polyhomogenous: 



k-3. 




oo 




(2.56) 



If n = 2 we will moreover assume the corner condition 



d'^f^U = o{x-') . 



(2.57) 
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Then the solution given by Theorem 2.8 satisfies 

In particular for every e > we have /lu^gf^ t]-^s ^ '^{x=o} ^ ■ 

□ 

As before, the reader will find more precise information on the behavior of 
/ in Theorem 3.7 and Remarks 3.8-3.9 below. 

3 Polyhomogeneity without corner conditions 

We are ready now to prove the polyhomogeneity of solutions for a class of linear 
systems of equations of the form 

dy(p + B^^cp + B^^ip = L^^ip + L^^'il) + a , (3.1a) 
dxip + B^^ip + B^^ip = L^^ip + L^^ip + b , (3.1b) 

where ip and ip are vector valued, the S's are linear maps and the L's are first 
order linear differential operators, while a and b are — possibly non-linear — 
source terms. Such equations arise from semi- and quasi-linear wave equations 
in Minkowski space-time, say 

au = F{x,u,du) . (3.2) 

As discussed in detail in Section 2, one obtains a system of the form (3.1) by 
introducing 

= {u, dyu) , = dxU . 

Then both source terms a and b in (3.1) arc proportional to F. For several 
classes of non-linearities, solutions of such equations with polyhomogcncous (or 
smooth) initial data will satisfy u e '^u:i<x<y} oo ^ Section 2. 

It also follows from the results there that the natural polyhomogeneity space 
for solutions of (3.2) is ti G ^|^^^q|, 5 = 1/2 in even space-dimensions, and 
(5 = 1 in odd dimensions, at least when an infinite number of corner conditions 
is satisfied. For such solutions u and dyU will typically be bounded, so that 
^ will be bounded, while ip will typically blow up, at x = 0, as x^~^ In^ x 
for some N. The source terms a and b behave then in a similar way near 
X = 0. Since b appears in an equation where the poly homogeneous function ip 
is differentiated, one expects b to behave again as x^^^ x for some A'"'. This 
discussion justifies the hypotheses of our theorems below. 

3.1 Lineeir equations 

We consider the Cauchy problem with polyhomogeneous coefficients, polyho- 
mogeneous sources, as well as polyhomogeneous initial data given on a polyho- 
mogeneous hyper surface 

y = {y = X{x, v)} , with A(0, v)=Q, d^Xi^, v) > Q , (3.3) 
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for some function A G ^'^^q^ fl (O) . This can be reduced to the case X = x 
by a change of variables 



which preserves the structure of the equations. We further note that the hy- 
potheses of Theorem 3.1 are invariant under such coordinate transformations. 
Prom now on we assume that this change of variables has been made. 

Theorem 3.1 Consider a set as defined in (2.25), let a,/3 e M., k e W, 
6 = 1/k, and let f = {ip,tp) G '^{o<a;<2/} oo ^ solution of (3.1). Suppose 

that 

Lij = LfjdA + xq.dy + xL^jd:, , (3.4) 

with 

(no symmetry hypotheses are made on the matrices Lfj), and 

J, 



B^^ G Coo(f^) +x ■^{Q<x<y} ' B^^,B^^,Bjjj^ G '^{o<x<y} ' (3-6a) 

V^\^=ipe x^^/^^o} , ^\^ = ^e x^^/^^oj . (3.7) 

Then 

f e x^^{o<.<y} + y^^{o<.<y} + =<=o} • (3-8) 

In particular for any t > we have f\{y>r} £ ■^^.j.^q-^ + ■^^.j.^q-^ , so that the 
solution is polyhomogeneous with respect to {x = 0} on {y > r}. 

Remark 3.2 We have the more precise statement 

G x^+W/o<,<^} + /<=o} + ^y^^{o<.<y} + ^oo(n) + a;^//,=o} > (3-9a) 

^ G x/^<=o} + ^'y^{0<:^<y} + /+'=4<.<,} + ^^<=0} + y<=0} • (3-9b) 

Indeed, inserting (3.8) into the equations and integrating one obtains 
Comparing this with (3.8) one obtains (3.9). 

Remark 3.3 It is of interest to enquire when the solutions are in L°°. A direct 
analysis of the equations and (3.9) lead to the following: First, will be in L°° 
whenever (5 > —1 and ij) G L°°. Next, consider the case /? = 0. If 

then it also holds that 

(</.,V)ei^°°. (3.10) 

Finally, for /3 > 0, it suffices to assume that L^^ and are in L°° to achieve 
(3.10). 
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Remark 3.4 In all physically relevant cases known to us we have (3 G —6N, in 
which case the two last terms in (3.8) can be absorbed in the first one, leading 
to the simpler formula 

/ G a;^^/o<.<y} • (3-11) 
Proof: By hypothesis we can decompose B^ip as 

Bipip = Bipip + , Bipip G Coo (^) ) ^<p<p ^ '^{0<x<y} • 

We rewrite the equations at hand as 

dyip + B^p^ip = , 



where 



Ci> ■= L^p^pip + L^^ip + b — B^tpip — B^^ip . 
Integration of the second equation yields 

rx 

ijix,v^,y) = il^iy,vj^,y) + J c^{s,v'^ ,y) ds . (3.12) 

By hypothesis we have ip{y,v^) G y^-s^^y^gy C y^'^{o<x<y}- Similarly (p can be 
calculated as 

ry 

(p{x,v'^,y) = R{x,v^;y,x) (p{x,v'^ ,x) + / R{x,v'^;s,x)cu,{x,v^,s)ds, 

-^—^ ' 

(p{x,v^) 

(3.13) 

where R{x,v'^;y,yi) is the family of resolvents (smooth up to boundary in all 
variables) for the family of ODEs 

dy(p{x,v^,y) = -B^^{x,v^,y)p{x,v^,y) , 

with parameters {x,v^) and with initial values at yi. By hypothesis we have (p G 
■^^■^1=0} '^l^i'^li implies that the first term Rp is in x^si/^^^^q-^ C ^^^•^^Q<.J;<y}^ 

In what follows we let e > be a positive constant, which can be made as 
small as desired, and which may change from line to line. 

We wish, now, to show that 



/ e '^[o<x<y},oo + ^"^{0<x<y} + ^iO<x<y} ■ (3-14) 

If a > there is nothing to prove, so assume that a < 0. Decreasing a if 
necessary we can assume that a + feJ 7^ — 1 for all G N. For all multi- indices 
7 we have 
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(here e arises because of multiplicative powers of In that might occur in some 
terms), in particular S^J^j^V € '^{o<x<y},oo + ^'^'^{o<x<y}^ t)y (3.12), 



i;{x,v ,y)= i^{y,v )+ / b{s,v ,y)ds 

^ V ' 

+ {L^^ip + L^^il; - B^^if - B^^'il)){s,v^,y) ds . (3.16) 



0(s«-'=) 

It follows that 

i/j - V'o.phg = 0(x"+^-^) + 0(j/"+^-^) , similarly for • (3.17) 
The derivatives of ip with respect to y take the form: 

dl^{x,v^,y) = {d'J){y,v^)+ r d'yC^is,v^,y)ds-Y,Cddldi-^-%){y,v'',y) , 

•^y 1=0 

(3.18) 

for some constants Cie € N. Equation (3.18) with £ = 1 gives 

ydyiiP - Vo,phg) = 0(x"+i-^) + 0(y"+^-^) , similarly for yd^jdy^; . 
As 5 < 1, we have shown that 



It now follows that 
and (3.13) gives 

(p{x,v'^,y) = R{x,v^;y,x)(p{x,v^)+ / i2(x, v^; s, a;)c<^,phg(a::, u^, s) ds 



{i)<x<y } ^ {0<a::<y| 



ry 

+ / i?(x,'u^;s,x)c^,Q+5_e(x,i;^,s) ds , 

Jx V ' 

0{x"+^-^)+0{s°'+^-^) 

leading to 

5J(¥^-¥'o,phg) = 0(yx"+'^-^) + 0(x-+^+i-^) + 0(y"+'^+i-^) 

= o(x'^'°(°^+''-^'°)) for Q<x<y, (3.20) 

with 

<y^o,phg(a;, v"^, y) ■= R{x, v^; y, x)ip{x, v^) + / R{x, v^; s, x)c^^phg{x, v'^,s) . 

Jx 

(3.21) 
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Equations (3.19) and (3.20) in particular imply 



} ex ■&{o<x<y} + y ^{0<x<y} + ^{Q<x<y}fi 

We note the following: 
Lemma 3.5 Under the hypotheses of Theorem 3.1, the fields 



(3.22) 





( ^ ^ 




( \ 


(p := 


xdx(p 

\ ydyv ) 




xdxil} 

\ ydyip J 



satisfy a system of equations of the form (3.1), with coefficients Lij, Bij and 
sources a, b satisfying the hypotheses of Theorem 3.1, with E '^^Q<x<y} oo' 
and with initial data 'p\s^,tp\s^ G x/^^^^^^^-^. 

Proof: We rewrite the equations (3.1) as 



dy(f 



-If ; 



Differentiating {(p, ijj) one gets 

dy(p = 



dACip 
xdxC(p 
\ + ydyc^ ) 



Oac^ 

ydyc^ 



(3.23) 



With a little work one shows that the right-hand sides of these equations are first 
order differential operators of appropriate form acting on ((^,^). For example, 
consider the term ydyC^^: 

ydyc^ 



= {y9yL^if,)dA^ + {xdyLl^)ydyip + {ydyL^^)xdxip 

+ L^y,dA{ydyip) + Ly,^xdy{ydyip - if) + L^^xd^iydy^p) 

+ (analogous dip terms) 

+ ydya - B^^{ydyip) - B^^{ydy'4^) 

- {ydyB^^)ip - {ydyB^^)'il; . 

The terms from the first two lines of the second equality above can be included 
in L^^, the third line can be included in L^^, a will include ydyU, whatever 



remains going into the Bij terms. We note that ■^^Q.^ri.<y} {o<x<y} 
invariant under ydy and xdx, which makes it simple to check that these choices 
lead to the functional spaces as rcqiiired in (3.5)-(3.6). 
The other terms in (3.23) are treated analogously. 
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It remains to show that the initial data are in the right space. This is obvious 

for 99, ip, as well as their derivatives with respect to v^. For the remaining 
derivatives, we pass to the limit x ^ y in (3.18) with £ = 1 to obtain 

ydyil^W = y{dx-^) -yc^W ■ (3.24a) 

Similarly from 

ry 

(p{x,v^,y) = (p{x,v^,x) + / cJx,v^,s)ds . 
•^—^ ' -^^ 

we find (again for x = y) 

ydx^W = y{dx^) - yc^W ■ (3.24b) 
Equations (3.1) further give 

y{dxi^)\s' = yc^\^ , (3.24c) 

y{dy'P)\^ = yCip\.9' ■ (3.24d) 

The terms y{dxijj){y,v'^) and y{da,(p){y,v'^) in (3.24a)-(3.24b) are in y^^^^y^Qy. 
Now, 

yCip\y = y{L^^(p + L^^V + a- B^^ip - B^^'ilj)\,y . 

The restrictions to ^ of the terms a, B^p^pcp, B^^^ and the derivatives of f and 
ijj with respect to v^, give a contribution which is in J/^^jy^Qj.. The remaining 
terms arc of the form y{dy'ip)\y, y{dy(p)\j^, y(9a;V')|^, y{dx(p)\j^ multiplied by 
coefficients from ^i^^qi,. The same analysis applies to yc^\y, so that we can 
write the system of equations (3.24) as 



{Id-yK) 



y{dyv)\.y 
y{dxip)\j/' 
V yidx<p)\s^ J 



Here is a matrix with components in £/^_y_Qy There exists e > so that for 

< y < e the matrix Id — yK has an inverse in Id + y^j^^g}' polyhomo- 

geneity (with appropriate power structure) of the initial data for (tp, ip) follows. 
□ 

Applying (3.17) and (3.20) to {<f,ij)) one finds that 

e +-'<o<.<.} +/<o<.<.} , 

and Proposition A. 5 implies 



e ^sssjr'"^^ +-^<o<.<.} +/<o<.<^^ 
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Continuing in this way we are led to 

^) e ^{'^SS}';:'^^^ + -'^io<^<y} + /<o<.<.} • (3.25) 

Repeating the whole argument £ times, where £ is the smallest number such 
that a + iS > 0, one arrives at 



Suppose, for the sake of induction, that 

/ = fl,k + /2,fc 



+ /: 



{0<a;<i;}~'~" {0<x<y} 

Equation (3.26) and the embedding 



3,fc 



fc<S-e,(0;0) 
{0<x<y},oo 



(3.26) 
(3.27) 



\G<x<y},oo ^ {0<2:<2/},oo 



show that this equation holds with k = and /2,o = 0. We note that all of 
the above spaces are invariant with respect to xdx, xdy, dy and with respect to 
multiplication by a function from "2^o<x<2/}- 

Integrating the equation for ■0 and using Propositions A.9, A. 12 and A. 14 
one finds 

ip{x, v^, y) = V'o,phg(a;, v^, y) + h {L^ip^i,k + -^V'V'^i.fc " B^>p<Pi,k - -Bv,v;^i,fe) 

V ' 

= --fl,k+l&X^+^^lo<.<y}+y^-^{0<.<y} 

+ h (^L^<p^2,k + L^il}i'2,k — BiptpV2,k — B^il}i'2,k^ 



{0<x<y},cxi {x = 0},(BiX 



{0<a:<T/},oo 



+ h (^L^<p'P3,k + L^tp''p3,k - B^(pV3,k - B^tl>i'3,k^ 
V ' 

• kS+l-c _fc5+l-e,(0;0) „(fc+l)«-e,(0; 

fc'^{0<x<j/},oo"f"'^{0<x<!/},oo ^•^{0<a;<y},oo'r'^{0<x<y},oo 



(3.28) 



showing that the result is true for i/j with k replaced by A; + 1. Inserting this 
information into (3.13) one similarly finds, using Propositions A.9 and A. 15, 
that (3.27) with k replaced by A; + 1 holds for (p (here R stands for the — 
smooth up to the boundary — resolvent R[x,v'^;y,x)): 

ip{x, v^, y) = ¥'o,phg(a;, v^, y) + h R- {L^^p^i^k + L^'ipi,k - B^,pm,k - -Bi^vV'i.A; 



+ I2 



{0<x<y} 

R ■ {L^ip<f2,k + L'^tp2,k - Bfp^^p2,k — B^ip2,k) 



+ I2 



{^=0},eixi'5#(^+l)J-f 
^ J ' * {0<x<y},oo 

R ■ ( L^ip<P3,k — B^,pf3,k + L^ip'ip3,k — Bip^tps^k ) 



(3.29) 



{fe+l)5-e,{0;0) 



{0<x<y},oo 



<y(fe+l)«-£,(l;l)^ ajr(k+l)S-e,(0;0) 
{0<x<y},oo ^ {0<x<y},oo 
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We have thus shown that (3.27) holds for ah k. For any m G N we can choose k 
large enough so that the last term there is in Cm ($7), and that all the coefficients 
of an expansion of /2,fc in terms of powers of x and log x also are in Cm(^)- The 
result follows now by arguments essentially identical to those of Proposition A. 3. 
□ 



Remark 3.6 An identical proof shows that "any" polyhomogeneous initial data, 
for equations with "any" polyhomogeneous and bounded coefficients, and "any" 
polyhomogeneous source terms lead to polyhomogeneous solutions, without im- 
posing corner conditions. More precisely, let us assume, instead of (3.5), that 
there exists A > such that 

e , , L^^^ , L^;^ G ^to<^<y} ■ (3-30) 

By -^/iJ^^^^^i, =e^|^_Q|, etc. we mean here spaces of polyhomogeneous functions 
for which nj > and rii + hi > 0, where and hi denote the powers of, 
respectively, x and y in the polyhomogeneous expansion. Let us further assume 
that, for some A' > 0, 

Bipcp e Coo(i^) + X'^ ■^^<x<y} ' B^,B^^,Bjp^ G '^iP<x<y} ' (3.31) 

(3.32) 

(^1^ = G x'^'^+^^.y , Vl^ = ^ G x/^W+^o^ . (3.33) 
We have then the following version of the result: 

where /? = min(/3i + 1, (32, Pa, Pa)- The conclusion of Remark 3.3 remains valid 
if P there is replaced with min(/3i + 1, P2, P3, Pi). 



3.2 Nonlinear equations 

In this section we prove the non-linear equivalent of Theorem 3.1. The method 
of proof is essentially identical, when the nonlinearities are treated appropri- 
ately. We consider semi-linear systems of the form (3.1) with a supplementary 
non-linearity at the right-hand-side: 

dyip + B^^pLp + B^^tp = L^^ip + L^^ip + a + G^ , (3.35a) 
dxip + B^^ip + B^^ip = L^^Lp + L^^ip + b + G^ , (3.35b) 

It should be clear from the discussion at the beginning of Section 3.1 that 
the right hypothesis for a consistent set-up as in Theorem 3.1 is to assume 
P = —1 + 5, and to have a non-linearity compatible with this hypothesis. This 
leads us to assume, following [11], that the nonlinearity 
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takes the form 

G = x-P^H{x^, xi^tPi,x'i^+^'ilj2,xi^+^ip) . (3.36) 
Here we have decomposed i/j as 

this is motivated by different o priori estimates we have at our disposal for the 
appropriately defined components tpi and V'2 of the applications we have 
in mind. Polyhomogeneity of solutions of nonlinear wave equations, or of the 
wave map equation, follows as a special case, see the proofs of Theorem 1.1 and 
of Theorem 1.2. 

We will need to impose various restrictions on the function H, in order to do 
that some terminology will be needed. We shall say that a function H{x^,w) 
is •^|o<2:<y} -polyhomogeneous in with a uniform zero of order I in w if the 
following hold: First, H is smooth in w G at fixed x^. Next, it is required 
that for all B G M and k e N there exists a constant C{B) such that for all 
\w\ < B and <i < min(A;, I), 



d'H{-,w) 



< C{B)\w\^-' . (3.38) 



Further, 

at fixed constant w. Finally we demand the uniform estimate for constant w's 



VzGN dlH{.,w)e^'^. (3.39) 



Ve > 0,M > 0,i,A; e N 3 C{e,M,i,k)\/\w\ < M \\diH {■ , w)\\<^-e < C{e,M,i,k) 

(3.40) 

The qualification "in w" in "uniform zero of order I in w" will often be omit- 
ted. The small parameter e has been introduced above to take into account 
the possible logarithmic blow-up of functions in '^^o<x<y} x = 0; for the 
applications to the nonlinear scalar wave equation or to the wave map equation 
on Minkowski space-time, the alternative simpler requirement would actually 
suffice: 

VM>0,i,fcGN 3C{M,i,k)y\w\<M \\diH{-,w)yo^ii) < C{M,i,k) , 

(3.41) 

again for constant w's. Clearly functions which are smooth in {w, x'*), and have 
a zero of appropriate order in at u; = 0, satisfy the above conditions. 

Theorem 3.7 Letp e Z, q,l/S eW,ke NU{oo}, letf = {ijj = (^i,V'2),'y2) be 

a solution of (3.35) with G of the form (3.36), where H is s^^Q^^^^ypolyhomogeneous 

in x^^ with a uniform zero of order 

m > . (3.42) 
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Assume that for every e > we have 

e (^fo<;<.},oo n v<^<.},o) (^) ' 

Suppose that Equations (3.4)-(3.7) hold with P = —1 + S, and that ip\x=y G 
<=o}- Then 

more precisely 

G x^- + x'-'y^l,^,<y} . (3.43b) 
/n particular for any t > we have 

which shows that the solution is poly homogeneous with respect to {x = 0} on 
{y > r}. 

Remark 3.8 If VU=j/ e ^{t=o} ^ ^hen ^ e aj-^jz/^-^^^^^^^ + ^^^^^^ n L°°. 

Remark 3.9 Let us, in addition to £ (see Remark 3.8), assume that 

Suppose further that Gip satisfies 

G^(x'^,x«^V'i,a;^''+V2,x^^+V) e L^m 

for every (fixed) ^, as in (3.43) (which is true e.g. if {mq—p)5 > 0). Then it 
holds that 

V^^{0<.<y}^L^(^)- 

Remark 3.10 There is Uttlc doubt that the proof below can be generalised 
to allow ip2 £ x~^~^^^^^^Q'^, as well as B^^ G x'^^^jaf^^^^y We have not 
attempted to check all the details of this, because of technical complications in 
the proof. 

Remark 3.11 The theorem remains true if we replace G by a finite sum of 
nonlinearities satisfying the above hypotheses, with different p and q satisfying 
(3.42) for each term in the sum. 

Proof: We follow the proof of Theorem 3.1, checking that the supplementary 
non- linear terms do not affect the argument. We decompose as (0^1,0^2)- 
We have _ 

/ := ii;i,X^2,X<f) e ^{o<a;<y},0 ' 
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with e as small as desired (we hope that a clash of notation / with Section 2 
will not confuse the reader). This shows that the non-linearity G^p gives a 
contribution to which is 0{x^™''^~p^^~'^) (the easiest way to see that is to 
view the non-linearity as a function of x'^^~'^fe, where /g = x*^/ G L°°). 
First, (3.17) becomes 

V'-V'o,phg = 0(0- (3.44) 

Next, to estimate the derivatives of ip, note that the integrand for dytp in (3.18) 
with i = 1 contains a supplementary term 

dy(G^{x^^,xi'f)) = {dyG^){x^^,x'i'f)+{d^G^){x^^,xi'f)xi'dyf. 

Q(3.(m9-p)5-e)j^-l 

Write w = {wi,W2,Wtp) = {x'^^il^i,x'^^~^^il>2,x'^^~^^'p), = {wi,W2)- We have 
the equation 

{dy,G^){x'',Xl^f)x1^dyf = X-P^(dy,,H^yx'',w)x1^+^dyij2 

+x-P^ (d^^H^) {xi", w)x''^+^dyip 
+x-P^(d^,H^yx^',w)x'i^dy^i . (3.45) 

We know by hypothesis that 

{lpl,X1p2,X(p,Xydy'tp2,Xydyip) G '^[o<a:<y}fl > 

which allows tis to estimate all terms above by CxS"^'^~P^^~''y~^ , except the last 
one. However, we can write a system of equations for ydy^ of the form: 

d^iydy^) - x-P^ {^^,,H.^^ [x^^, w)xi^ ydyi^i = 0{x-^-') . (3.45a) 
=0(x('"''~p)''~«) 

The following is essentially Proposition B.3 of [11] with = there, we revisit 
the proof because of the uniformity in y required here: 

Lemma 3.12 For < x < y < y consider the system 

dxtp + b^ = c , 

and suppose that there exists e < 1 such that the linear map b has coefficients 
in '^|~!^Q| Q. For a G M\ {— 1} there exists a constant C = C{a, e, ||&||<^-e , y) 

such that 

1. For a> —\ we have 

\l^ < C {\\^U=y\\L^ + l|c|k|.^^„j_J , (3.46) 
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2. while for a < — 1 it holds that 

Proof: 1. Obvious modifications in the calculations in the proof of [11, Propo- 
sition B.3] lead to the following replacement of [11, Equation (B.19)] 

-5.e„ < ^1|c||^|;^„,,+xi6V'||^-.^^^^^. (3.48) 
By integration, after passing to the limit a — >^ 0, one obtains, for < a; < y < 

yi<y 

IIV'IIl-qcj,!]) < Mx=y\\L'- + j^^^\\4'^^^^o},k + ■ 

Choosing yi small enough the last term can be carried over to the left-hand- 
side, which yields the inequality on [0, yi]. The final inequality (3.46) is then 
standard. 

2. Decreasing e slightly if necessary, we can without loss of generality assume 
that a+l—e ^ —1. We recall the first two lines of [11, Equation (B.20)], adapted 
to our notation, with xs there replaced by y: 

\^Pix,v^,y)\ < |V;(y,?;^,y)|H- -— — + -^— ||c||<g'a 



(1 -Fa) (1 + «)/ "^{-=o},o 

/ „.a+2-€ a+2-e \ 

+ {7/ T ll&ll<^- U\\<^'^+^ •(3-49) 

\{2 + a-e) (2-|-a-e)y " "^{x=o},o"^"^{x=o},o ^ ^ 

For a < — 1 this implies 

m-,v\y)\ < my,v^y)\\^.,.^^^^^y^+^^^ 

+i7r^ rf y"^'"' + )\M'^-^ 



< {my,v^,y)\\^. 



'"+1 + ■; r c h^™ 



.a+i )x'^+^ . (3.50) 



|2 -I- a — e| ^{x=o},o' 
Choosing ?/i sufficiently small, one concludes as before. □ 

Prom (3.45a) and Lemma 3.12 with a = — 1 — e we obtain 

ydyi; = Oix-') . 
A similar treatment of OaG^ allows one to conclude that 

e a: V/o<.<,} + <=o} + V<-<,},1 ■ (3-51) 
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(The first two spaces are actually included in the last one, but we exhibit them 
to keep track of the form of the polyhomogeneous contributions in ip, which 
will become important later.) It now follows that 



{0<x<y} 



{0<x<y} 



with 



4 = 0{x-'+'-^) . 

Equation (3.13) gives 

ry 

(p{x,v^,y) = R{x,v'^;y,x)^{x,v^)+ / R{x,v^;s,x)c^^pi,g{x,v^,s)ds 

V Jx 



ex" 



|x=0| ^ {0<x<y} 



+ 



leading to 



ry 

/ R{x,v^;s,x)c'^^{x,v^,s)ds, 

Jx 



Here, as before, (^o.phg is given by (3.21). 

Next, consider Lemma 3.5. We rewrite (3.1) as 

dy(p = Cip + Gip , 

dxi^ = c^ + G^ . 

The field V' is decomposed as (V'i5V'2)) with ■0i = {ipijdA'tpijXdxipijydyipi). 
Differentiating {(fjijj), instead of (3.23) one gets 



dy(p = 



\ 



\ c^ + G^ + ydyCtp + ydyGtp J 



(3.52) 



similarly for 5^;^, e.g., 



I 



dx'^i 



(3.53) 



dAC^i + BaG^-^ 
c^i + G^^ + xd^c^-^ + xdxG^^ 
ydyc^^ + ydyG,p^ 

One can check that the non-linear terms above have the structure claimed. For 
example, we have 



V 



= xd^(^x-P^H^,{x^',v 

= -px-P^H^, (x^, w) + x^-P^ (dxH^,) {x^', w) 
+x-P^ (a^ii^Vi) {^'"^ {qSxi^i^i + xi^xdxi^i) 
+x-P^ (d^,H^,) (,x^, w) [{q5 + l)x'i^+^^2 + x'i^+^xdx^2) 
+x-P^ (d^^H^,) (x^ w) {{q5 + l)x''^+ V + x'i^+^xdx^) . 
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It should be clear that each term in the sum above has a zero of order m in the 

new variables. 

This analysis allows us to repeat the induction argument which led to (3.25), 
obtaining instead 



''{0<x<y} ■^{y=0} ^{0<x<j/},oo 

^ G V{Lo} + + ^{oS7},oo ■ (3-54) 

The embeddings 



cfi-e ^ d^-f,(0;0) ^-i+S-e ^ ^-l+5-e,{0;0) 

{0<x<y},oo ^ {0<x<y},oo ' {0<x<y},oo ^ {0<x<y},oo ' 

justify the case = of the following induction hypothesis, where /2,o = 
{'P2,o, ^2,o) = (we hope that the reader will not get confused by a slight clash 
of notation, as the decomposition in the equations below is unrelated to the 
decomposition ip = (ilji,ip2))' 

V = fl,k + ^2,k + 'P3,k , 

{x=0}^ « {0<x<y} s^kS-l + S-c-^S fc'^{o<a;<j/},oo 

V' = V'l,fc + '^2,k + i%k 

Gx^s/L^ ^ -.+S^f „-, Si^^ ^fc«-e,(0;0) 

>. J |0<a;<j/},oo 

We note that 

(3.57) 

It follows that / = (V"!, xip) belongs to the space 

Note that our result is purely local, so without loss of generality we can take 
the domain 0' of the f-cordinates to be a closed coordinate ball. Lemma 3.13 
below, with X = k5 — e, applied to g = f gives 

(3.59) 

We can repeat now the integration in (3.28), recovering (3.56) with k = k + I. 
This, together with (3.57) shows that (3.58) holds with k replaced by /c + 1, 
hence (3.59) holds with A; replaced by A; + 1. An integration as in (3.29) gives 
now (3.55) with A; replaced by A; + 1, and the induction step is completed. 
By an argument analogous to the one in the linear case, we conclude that 

if G x-'- V/,=o} + ^'~^y^{o<x<y} . ^ e a;V/o<,<^} + ^(y=o} + ^{x=o} ■ 
An analysis as in Remark 3.9 finishes the proof. □ 

We finish this section with the lemma referred to above: 
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Lemma 3.13 Assume that G is convex, compact, with interior points. Let q G 
N*, M 9 A > 0, and let H{x^^,w) be s/^Q^^^y^-polyhomogeneous with respect to 
x^^ with a zero of order m in w. If for all e > we have 

9 ^ + <.o,,e..«*;,-£,.,,„ + ^(»3<*») . (3.60) 

then it also holds, for all e > 0, 

..^,) e (^/„,.,,, + <,=o,,*...^;.-«,.,„ + ^(»<S:») ■ (3-61) 

If X > and (3.60) holds with e = 0, then (3.61) also holds with e = 0. 

Proof: This is a repetition of the proof of [11, Lemma 4.8], using an analogue 
of [11, Lemma A. 5] in the .^-spaces. That last result is proved using the usual 
Moser inequality together with scaling, as follows: For each {x^v'^^y) G we 
define a map 5'(^^a which maps a standard set of parameters ^ x ^ to 
a compact subset of containing {x,v'^,y). By we denote a "standard 
triangle" : 

:= {{s, t) :0<s<t, < i < 1} . 
The maps S'^^^^a are defined as follows: 



{s,t,v) HH- {x,y,v) 



{x + qs,y + qt, v), <; = X for y < T 

(x + ?(s-l),y + ?(t-l)), ? = x/2 fory>T 



This definition guarantees that the S-image of x ^ is contained in O. We 
have 

h&sr^ ^ + i + 17| < k \d2didih\ < Cx"^-'-^ . 

There exists a smallest such C which we denote by For g G JJ^P we 

estimate the norm of II{-,x^^g) as follows: 



where H = H o Sf^^^^A^yy We use the interpolation inequality 

II II <^ II \\^~'^/^ II ii*/'^ ■ ^ u 

\m\Ci{jex&) s ll'"llL°o(jrx^)ll^llcfc(jrx^) ' ^ , 

and proceed as in [11, Proposition A. 2] to estimate the derivatives of H. Let z 
stand for {s, t,v) e x G, then for \a\ < k we have: 

< C E (^<lS{\ai\+-+\ai\) 

l7l+ki|+-+ki|=k| 

''d7id^^"((^ + 'y9)---d'^'i{l + sy'g) 

< E \d'''i{l + sy'g)\---\d'''i{l + sy'~9) 

ki|+-+|(ji|<|o-| 

< C<j™'?'5||(l + s)<''55||ioo(^,<^)||(l + s)^^5lb,{jrx^) , 



34 



where g = g o S^^^yA^yy Let us note that x and <j are of the same order, in fact 
I equals 1 or 2. Using this and the relationship between g and g we conclude 
that 

ll(l + 5r'5llQ{jrx^)<C||5||^^.(n)?"- 

Putting all the estimates together we arrive at 

which is what we need to proceed with the proof of the Lemma. The point 
in all the estimates is that C depends only on qS, k and ||5||l°° and does not 
depend on 

g ^ L°°{Q,) we can use g^ ■= x^g G L°°(0), hence the epsilons in Lemma 
3.13. □ 
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A Function spaces, auxilliary results 
A.l "^-spaces 

For A; E N we denote by Ck{^) the set of all functions which arc k times continu- 
ously differentiable on 17. We denote by Cfc(r2) the set of Cfe(r2)-functions which 
can be extended by continuity to Ck functions defined in an open neighborhood 
of n. 

Let F be a space of functions, we shall say that / G x°'y^F if x~"y~l^ f G F. 

We need to introduce various families of function spaces with controlled 
singular behavior at {x = 0}, or {y = 0}, or {x = y = 0}. The domains we will 
consider will always be subsets of the set < x < y < yo for some yo < oo. For 
A; G N we define 



^{x=0},fc(^) 


= {/ 


: V i. 


,iGN, /?GN^ 


i + j + \f3\ <k, 


sup \x 
n 


-'^d^ldyYixd^Yfl < oo} , 


'^{y=0},fe(^) 


= {/ 


: V 


,jGN, /3GN^ 


i + j + \f3\<k, 


sup |y" 
Q 


-5f[y5/[5,]V|<oo}, 


{0<a:<2/},fc(^) 


= {/ 


: Vi 


,jGN, /3GN^ 


i + j + m<k, 


sup \x' 
Q 


-'^d^iydyYlxd^Yfl < oo} 


{0<a:<j/},fc(^) 


= {/ 


: V i. 


,jGN, /?GN^ 


i + j + \f3\ <k, 


sup \x~ 
n 





The spaces '^{"=0} k ^^^^ correspond to the spaces of [11]. 
We shall write 

®{0<a;<2/},oo " ' ^ken^{0<x<y},k ' 
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similarly for C.^{^1), ^{"=o},oo' 
We note the following: 

PROPOSITION A.l yS>Owe have x^^f^^^},. ^ ^fo<tS},fe • 



Proof: There exist constants Ci^a and C such that, for < x < y and for 

{y=0},k 



f e '^,=ni we have 



< Cx^yf^ = Cx^-^x^yf^ < Cx"'-^y^+^ . 

□ 



A. 2 Polyhomogeneous functions (^—spaces) 

A function / G Coo (^) will be said to be polyhomogeneous at {x = y = 0} if 
there exist integers Ni, real numbers ni,ni, and functions fiji G Coo (^) with 
the property that 

Vm G N 3 N(m) such that 

N(m) Ni 

/-EE f^:>^ 2/"'^"' yln^xe Cmm ■ (A.l) 

i=0 j,i=Q 

We then write / G ^{o<x<y}- To avoid repetitions of terms with identical 
powers in (A.l) it is convenient to impose (ni,hi) ^ (nj,nj) for i ^ j, and we 
will always assume that this condition is satisfied. 
We write 

/ € ^{o<x<y} w^^®^ ^ ^ VN* and {n^} C (5N , {hi} C dZ , hi > -m . 

(A.2) 

The last inequality (recall that < x < y) guarantees that functions in 

'^{o<x<y} estimated by C(l + |lnx|''^) for some A'^ G N, and that they 
are bounded up to a finite number of logarithmic terms. The need for nega- 
tive powers of y arises from the requirement of invariancc of -^^(x^j-^y-j under 
xdy. As an example, consider the function Iny G '^^o^x<y} ^' then 

xdylny = x/y. This exhibits the necessity of negative powers of y, appearing 
however in a way consistent with the inequalities in (A.2). 

Similarly we shall write / G J2/|2,=o} if (A.l) holds with hi = for all i, 
and with no non-trivial powers of Iny, with the obvious definitions for ^^^q-^, 
■s^{y=o}, etc. 

The following observation will be used repeatedly: 
Proposition A.2 1. We have the inclusion 

^{0<x<y} C ^{0<a;<j/},oo • 
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It follows that for any e > we have ■<2^{o<x<j/} ^{0<x<y},oo ■ 
2. Similarly 

and for any e > we have 'S^^^.^Qy C ^°^o},oo ■ 

Proof: 1. The last statement is obvious given the previous ones. It remains 
to show that for all /c € N we have ■s^^Q<^j.<^y-j H L°° C '^^Q<^x<y} k • clearly 
each term in the sum in (A.l) with m = fc, as well as / minus the whole sum, 
is in "^i^xxKj;} fc' whence the result. The proof of point 2. is identical. □ 

We shall need the following characterisation of the space of polyhomoge- 

ncous functions: 

Proposition A. 3 / G iz/j^^o} ^/ '^'^'^ on/y if for every m G N there exist 
N (m) , Ni(m) , ni{m) and functions fij G C^(0) such that 

N(m) N^{m) 
1=0 j=0 

with a similar property for J^^^^^y , ^{o<a;<2/} , ete. 

Proof: The direct implication is obvious, therefore we only need to prove the 
reverse one. We start by noting that in (A. 3) we can choose the /jj's to be 
independent of x. Indeed, if some fij depends on x one can Taylor-expand it 
with respect to x = 0: 

1=0 

The coefficients of the expansion are in C^_„(S7). Therefore 

n 

fijx'^^^'^'^ In^' x = Y^ fijeiv^, In^' x + In^' x r . 

e=o 

The last term is in Cfc(O) with k arbitrary large, provided one started with m 
large enough. Similarly, one can arrange things so that the Cm(0) term in (A. 3) 
is o{x"^). Hence for every m there exist N{m), Ni{m), ni{m) and fij{v^, y) such 
that 

N(m) Ni (m) 
1=0 j=0 

with r-m G Cm{^) and r^ = o{x"^). If necessary we rearrange the rij's increas- 
ingly, and we also assume that /ij's do not vanish identically. 

The next step in the proof is to show that the /jj's, defined as in (A.4), 
do not depend upon m, i.e., if one writes (A.4) with some m' then the /ij's 
corresponding to nj < min{m,m'} will be equal. This is proved by comparing 
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the expansions order by order, starting with the smallest rii and largest j. For 
example: 

No{m) No(m') 

f=Y^ /oja;"°('") W X + o(x"»('")+^) = ^ /oja;""^™') In^' x + o(a;"o(™')+^) . 
i=o j=o 

Dividing this equation by x""^™-* in^oim) ^ taking the limit x ^ one 
gets no{m) < no(m'), similarly dividing by \ii^o{m ) ^ ^^^^ g^^g rao("i-) > 

no(m'), hence no(m) = no(m'), No{m) = No{m') and /oatq = /oTVo- O^ce the 
uniqueness of N,Ni,ni and /.y is established, the smoothness of fij follows. 
This proves that / G iz/j^^o}- The result in J^^j.^^y follows as the property 
rii G (5N is clearly preserved by the above procedure. The result for ^^o<x<y} 
is proved similarly, using Taylor expansions both in x and y. □ 

The space denoted by ^^^q| here coincides with the space of [11]: 

Proposition A. 4 / G ^{a;=o} if and only if for all a e R there exists N{a) 
and functions fa G Coo{^) such that 

N{a) Ni 

/ - E E ^"^ ^ e %=o},oo ■ (A.5) 
i=o e=o 

This implies ^^^^^y = . 

Proof: Let / satisfy the condition in the right member of the equivalence 
above, then the property / G j/|^.=o} follows from the inclusion ^j^^g} oo 
Cfc(O) for k < a. Reciprocally, suppose that there exist integers iVj, real num- 
bers nj, and functions fn G Cqo ip) such that for all m G N there exists N{m) 
such that 

N(m) Ni 

f-T^Hf^^ ^=-^me Cmin) . (A.6) 

i=0 £=0 

Replacing fu by x'^f'-i if necessary, without loss of generality we may assume 
that fii\x=o ^ for alH,^ G N. Prom what has been said it should be clear 
that the set {rii < 0} is finite. It suffices to prove the result for 

ni<0 e=o 

and thus without loss of generality we may assume that / G . By Proposi- 
tion A. 2 the left-hand side of the defining equality (A.6) is then in '^j'^.^o} oo' 

thus rm e ^{°,=0},oo- 

It follows from the definition that f\x=o £ Coo, which clearly implies that 

rm\x=o £ Coo- One similarly shows that {dl.rm)\x=o £ Coo for < i < m. Let 
be defined as minus its Taylor series in x of order m — 1, then we still 
have r'^ G '^{°,=o},oo' C = 0(x™), thus 

'^m ^ ^{°a:=0},oo ^ ^{S=0},0 • 
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Redefining the fies, (A. 6) still holds with replaced by r^. 
Let m' > m, we then have 

JV(m') JV, 
i=iV(m)+l i=0 

with each term in the sum being 0{x"^) (otherwise r^, wouldn't be 0(x"*')). 
Recall the usual interpolation inequality [14], for < k < £, 

k k 



Ck<cik,i)yfc/\\f\\l- 



its weighted equivalent reads (compare the proof of [11, Lemma A. 4]) 

Ikm'll (i-4)m' — (A;, £)||r^/ II lkm'll4o 
Given A; G N we choose £ = 2k, m! = 2m, leading to 

N{m') Ni 
i=N{m)+l i=0 

Since A; is arbitrary, we find that 

^ ^{x=0},oo ' 

and our claim follows. □ 

Let F be a space of functions on Q such that F c Cooi^)- We shall say 
that / G ^|^^Q| p if for any k e N there exists N{k) and functions tpij G F 
such that 

Ar(ifc) 

/- E '^u^*'ln^'^eCfe(n). (A.8) 

i,j=0 

The spaces =2^{o<a;<2/} f defined in a similar way; for example we have the 
identity 

In this notation it holds that 

^{0<x<y} = ^{x=0},s^f^^^^ ■ 

We will need the following characterisation of functions which are polyho- 
mogeneous up to lower order terms. To avoid annoying special cases involving 
logarithms we assume cr ^ N, though the proof gives also a corresponding state- 
ment in this case: 
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Proposition A. 5 Suppose that a ^N, let 

and assume that for all i,j satisfying i + j < k + 1 there exists 

such that for every multi-index 7 for which i + j + \^\ = k + 1 we have 

\{xd,y{ydyydUf-9ij)\<Cx'' . 

Then 

(A.9) 

Proof: For a < (3 and, simultaneously, a < there is nothing to prove, as then 
the first two spaces are included in the third one, and the claimed decomposition 

of / is uninteresting, and can be done in many different ways. We therefore 
assume that at least one of those inequalities is violated, and we proceed by 
induction on k. Suppose we know that the property 

dAf , ydyf , xd^f G a;/^^/o<.<y} + y^^{o<x<y} + '^fo<x<j/},ik (A.IO) 

implies (A.9). Then Proposition A. 5 is also established for A: = 0. Next, 
applying the already established case A; = of the proposition to {xdxY~^f we 
find that 

{xd,f-'f e x^^/o<.<.} + /^{o<.<.} + ^fo<.<.},i • 

Similarly, applying the case /c = of the current proposition to ydy{xdxY~'^ f 
and dA{xdxY~^ f we find that 



ydyixdxY-'f e xPs^l,^x<y} 

dA{xdxY-'f e xP^l,^x<y}+y^^lo<x<y}+%<x<y},. ' 

The implication (A.10)=^(A.9) gives then 

{Xdxf-^f G X^=^//o<.<.} + y^^Ux<y} + '^{0<x<y},2 ■ 

Taking C. = 2 establishes Proposition A. 5 with k = 1. Continuing in this way, 
Proposition A. 5 follows for all A; G N. 

It remains to establish the imphcation (A.10)^(A.9). Writing 

dxf ~ fx,k,phg ~l" fx,k,a ) 

{0<x<y} " {0<x<y} {0<x<y},k 

we have 

fX l-X 

f{x,v^,y) = f{y,v'^,y)+ / fx,k,phgis,v'^,y)ds+ / fx,kA^^^^^y)d^ ■ 
V ' V ' 

(A.ll) 
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We want to show that fk+i,a G '^{o<x<y},k+v equivalently: 

, i + j + h\<k + i \d2id,ndyyfk+i,a\ < Cx'^-'y-' . 

The inequahty is clear if i > 1 or if I7I +j < A;+ 1, by differentiating the integral 
defining fk+i,a- Suppose thus that i = and I7I + j = A: + 1. Recall that, by 
hypothesis, we have 

dUydyVf = d2fj,y,k+i,phg +0{x'') , 

and comparing with (A. 11), 

dUydyyfk+i,a = 9J/,,,,fc+i,phg - 5J(y9,)Vfc+i,phg +Oixn . (A.12) 
^ V ' 

=: gk+1,1 + 

{i)<x<y } {0<x<y } 

Recall, now, that we only have to consider the cases a > /3, or o" > 0, or both. 
For y > consider the collected polyhomogeneous terms in (A.12), they can be 
written as a finite sum 

9k+i,iix,y,v^) = Yl 'Yfmniy,v^)x^^''^lirx + rk+i,iix,y,v^), 

l3+nS<a m 

K 

9k+i,2ix, y, v^) = f'^niy^ ^^^)ar"'^ In"' x + rfe+i,2(x, y, v^) , 

n5<a m 

with functions fnm and /^^ which are smooth in both variables (as long as 
y > 0), and with the remainders being 0{x"). If /? G — N we absorb the second 
sum in the first one; similarly if /3 G N we absorb the first sum in the second 
one. This shows that without loss of generality we can always assume that all 
powers of x appearing in the sums above are now pairwise distinct. Suppose 
that /„„j ^ or ^ for some couple mn, then fk+i,a wouldn't be O(x^) 
for all (y, f'^)'s by integration of (A.12) in y or in v. It follows that 

gk+1,1 + gk+1,2 = rk+1,1 + rk+1,2 = Oix") , 
which establishes our claim. □ 



A. 3 and .^-spaces 

For a G R and fc G N we set 

'^{0<.<y},k = ^f\'^(^<i + j + b\<k 3Ar: 

KoMA/l^lc-x"— ^(l + llnxl)^ ifa-i-j<0 [ " ^^"^^^ 
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We will also need a version of the ^-spaces where the functions involved are 
"almost independent of x when a is large" , in the following sense: 



^{0<x<y},k = Y \ ^ ^<i + j + \l\<k 3iV: 

\d:,dydvJ\ < I c-^a-i-i^i + | i^^|)iv otherwise J 

Let a,/3 G M, G N. To be able to estimate in terms of powers of |lnx| 
rather than 1 + |lnx| it is convenient to assume < yo < 1- We say that 

'<y},oo if ^ ^^^^^ ^^i^* constants C > and N e N such 

that, for < X < y < yo we have 

{didid^fl < C(x"+^-^-^' + x'^-'yl^-^ + I in^ x| .(A.15) 

We write f G ^/^'^ ^ i ^ for f G =^nl^'^'3'' i and we note that for A; = 0, or 
for P = k, the last term in (A.15) is not needed, e.g.: 

f ^ ^l<y},oo ^ 14^^/1 < C(x^+^-'-^ + x^-'y^-^) I In^ x\ . 

(A.16) 

Finally, for /? < the last term in (A.16) can be dropped altogether. 

Strictly speaking, the only space out of the =>{o<-c<j/} oo'^ which is absolutely 
necessary in our proofs is the one with k = P = 0. However, we have decided 
to include a short discussion of the other ones as well, as those spaces appear 
naturally in the problem at hand. 

Let {Fijjgis} be any countable family of function spaces, we shall write 

N 

®nFn = {/ : 3Ar G N ,/„ G F„ ,0 < n < iV ,/ = . 

n=0 

The dot over the symbol © is meant to emphasise the fact that only finite linear 

combinations arc considered. 

For further use we note the following elementary properties: 

PROPOSITION A.6 L // / G =^{oS|i},^ then d^f G =^{oi^'<SL ^vf ^ 

^a,(/3— l;max(fc— 1,0)) 
{0<x<y},oo 

2. For a'>a and P' > P we have ^|o<S],^ C ^{o2S},oo- 

3. Fora>0 we have ^^^^^^^ C ^-^^f.^itL- 

4. Ifn3l<aandl<k<^we have ^^oS^oo ^ ^=o},r 

^- '^^^=0},oo '^{0<x<y},oo ^ '^0<i;'<i},oo' "'^^ '^{y=0},oo ^ ^{0<x<y},oo /^'^ 

all k. 
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6. Iffe ^'{ofJkoo g e C^, then fg G 

7. Ifge and h G ^f^^,^^^ then gh G ^-^oSS},- ^• 

5. PFe have x^^^^oSS},- = =^{o2<S'L ^ ^ ^ ^ ^• 

R For / G ^'^ll^'^^ and ^ G N we have x^f G /or all k. 

Proof: Points 6-8 follow immediately from the formula 

dldl{gh)= Yl C{r,s,m,n){dld^gW.dl^h). (A.17) 

r + s = i 
m + n = j 

The remaining claims are direct consequences of the definition. □ 



A. 4 Extensions of a class of functions 

Let < G C~(M), suppip C [-1/2, 1/2], J^ip{x)dx = 1. For < x < y < yo 
we set 

E[f]ix,y,v) := ^^^^f{w,v)dw (A.18a) 
JO 3; 

/•32//2 (.(2^^^) 

= / ^ ^ f{w,v)dw (A.lSb) 

^/2 ^ 

^ ' f{w,v)dw (A.lSc) 

OO 

/OO 
^{z)f{y + xz,v)dz (A.lSd) 
-OO 

/•1/2 

/ (p{z)f{y + xz,v)dz (A.lSe) 

i-l/2 



(there is no need to know the values of / for negative w when using (A.lSc) as 
(fi = there; a similar comment applies to (A.18d)). 

The results here are an adaptation to the problem at hand of [2, Section 3.3]. 
In the lemma that follows one can think of /j, as belonging to [0, 1), but this 
restriction is not necessary for the result: 

Lemma A.7 For k eN and /x G M suppose that 

\d^d^yf\ < Cy^+i'-\l + I lny|)^ for 0<e<k, (A.19) 

then 

// moreover there exists A > such that 

\d:id'yf{y,v)-d^,d^f{y',v)\<Cy'^-\l + \\ny\)''\y-y'\^ for \y'-y\<y/2, 

(A.21) 

then we also have 

E[fKx,y,v)ey^-'^'^,^^'^^^^^^. (A.22) 
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Proof: The estimate (A.19) together with (A.18e) gives 

/•1/2 

0<i + j<A: \dldld2E[f]{x,y,v)\ = / ^iz)dl-^^d2f{y + xz,v)z'dz 

J -1/2 

< Cy'=+''-*-^(l + |lny|)^ . (A.23) 

On the other hand, ii i + j > k we write i = ii + 12 and j = ji + j2 with 
^2 + j2 = k, obtaining 



dl,did2E[f]{x,y,v) = di^dl^ j^^^^{z)^dld2f{y + xz,v)dz 

JO ^ 
Jo X 



= X 



where we have set 



/ w—y \ 

It fohows that 

'^n,i2,ji(~J^) 



\dldldZE[f]{x,y,v)\ < Cx-'^-^^y^{l + \lny\f 

Jo 



X 



dw 



1-1/2 

= Cx-'^-^^y'^{l + \lny\)^ \ip,,,,,j,iz)\dz 

J-1/2 

< CC".x-*i-^iy'^(l + |lny|)^ 

= CC"x'=-*-V(l + |lny|)^ , (A.25) 

which estabhshes (A. 20). 

To prove (A. 22), we start by noting that for ii + ji > we have 

/oo 
V>iA^)dz 
-00 

/•oo poo f^~^V. 

= di'di' J ^"^^^^ ' dw= J di'di'i j"'^^^ dw 

This allows us to write (compare (A. 24)) 

dl&y&lE\j\{x,y,v) = ^ ){d'ld'lj{w,v)-dld'l!{y,v)) dw 

= x-^-^W ^'"'"''^ " ' (d^d:if{w,v)-d^d2f{y,v))dw 
Jo ^ ^ ' 

= x-^i-^-i r ipi,,,j,{z)(d^d^f{y + zx,v)-d'yd:^f{y,v)) 



dz 

00 C ^ 

<Cyl^->^{l+\\ny\)^ 

< Cy-^(1 + I lny|)^x'=+^-'-^' , 
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as desired. □ 

We continue with 

Lemma A. 8 Let fj, > and for < i < m let fi satisfy (A. 19) with k there 
replaced by m — i. There exists h € y^'^^<x<y} oo ^''^^^ ^^^^ 

0<i<m 4^U=o = fi ■ (A.26) 

// the fi 's satisfy (A. 21) with k = m-i then h e y^~^'^{^tx<y} oo" 

Proof: We start by considering the fohowing set of functions, defined for 
< i < m, 

gi{x,y,v) = —E[fi]{x,y,v) . (A.27) 

It follows from Proposition A.7 that gi G V^x^^^^l^y^^^ C y^^{|J<^<j,},oo' 

Qi G y^-^x'^^ot^2i},oo C y^~^'^roS<y},oo (^-22) liolds. It also follows from 
(A. 23) and from Lebesgue's differentiation theorem that for < < m the 
functions digi extend by continuity to continuous functions on {x = 0}, and 
that gi\x=o satisfies (A. 19) with k there equal to m — i, and with the modulus 
of Holder continuity satisfying (A. 22) if this condition was satisfied by the /j's. 

Those considerations imply that the following inductive scheme is well de- 
fined: we set ^0 = E[fo] and 

hi+iix,y,v) = hi{x,y,v) + ^E[fi - {dl,hi)\x=o] ■ 

Then the function h := km satisfies (A.26), and belongs to the spaces claimed. 

□ 



A. 5 Integral operators on ^— and ^-spaces 

For < X < y < yo < oo set 

h{f){x,v^,y) = r f{s,v^,y)ds , (A.28) 

Jx 

h{f){x,v^,y) = r f{x,v^,s)ds. (A.29) 

Jx 

In our arguments wc will need to understand the action of Ii and I2 on various 
spaces defined above. We start with polyhomogeneous functions: 

Proposition A.9 1. Let g e x'^y'^^^^^^^yy. Then 

It follows in particular that ■i^{Q<x<y} is stable under both integrations 
above. 
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2. Let g G x^y^s^^^^^^. Then 

Proof: Let / G Coo(f^), p G M, j G N. We start by showing that for every 
m G N there exist an integer N, sequences of numbers ki G N,£i G N, a 
sequence of smooth functions /j and a function G Cjn{^) such that 

ry ^ / 

/ f{s,v^,y)sP W s = ^ /j (yP+'^'+i y - xP+'^'+i + . (A.30) 

•'^ i=l 

Several integrations by parts in the integral / v'u with v' = and = In-' s 
yield this formula when dxf = 0. The result for general / is also obtained by 
integration by parts by taking u = f and v' = s'^ In^ s. Using the result already 
proved with / = 1 one obtains a v with a power of s higher by one. Repeating 
the integration by parts a finite number of times one obtains a remainder term 
in Cjn{^), and one concludes by Proposition A. 3. □ 

We continue with a study of the action of Ii and I2 on the '^{^<3,<j^} ^ spaces. 
Note that the action on the '^^()<x<y} k spaces is obtained as a special case from 



{0<x<y},k - '^{Q<x<y},k ' 

Lemma A. 10 Let a,a eR, A; G N U {oo}, 

'^mx<y},k' « < then h{f) G <^foS<.},.- 

Proof: 1. The case a < — 1 is obtained by straightforward estimations. 
2. For a > — 1 we write 

h{f){x,v^,y) = r fis,v'',y)ds- f{s,v^,y)ds . (A.31) 
Jo Jo 
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Wehave5?5i = ©(y^+'^+i), d,gi = 0, y^d^i gi{x , , y) = y'd'f^{d2f{y,v^,y)), 
and all the estimates readily follow. □ 

Lemma A. 11 Let a, cr G M, A; G N U {oo}, 

2. Iffe ^f^^o},oo. then h{f) G =^fo<W,oo- 
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Proof: 1. One is tempted to argue from point 2. of Lemma A. 11 by symmetry 
that l2{f) G "^{"i-o^fc + '^{o<rr<?/} fc' ^^^^ ^® clear, because one is not 
allowed to integrate all the way to zero in y, as done in the proof of 2. So we 
calculate directly: 

did^ r f{x,v^,s)ds = rdid^f{x,v^,s)ds-J2Ce,idt'~%9^f{x,v^,s)\_ , 

(A.32) 

didid^ r f{x,v^,s)ds = didl-'d^f{x,v^,y), i>l. (A.33) 

J X 

From (A.33) one immediately finds |9^9^9^l2(/)| < Cx"-^y''+^-' for i > 1. 
Since a > —1, the first term in (A.32) is estimated by 

Cx"-^\y''+^ - x^'+^l < Cx"-^y''+^ , 

as desired. Similarly, each term in the sum is estimated by 

y=x 

and the result follows. 

2. The estimates in the £ = case are proved similarly as in point 1, see 
(A.32). For 1 < £ < /c and 1 < i + ^ + I7I < A; we have 

|5^a^9j/2(/)| = \didl-^d2f\ , 

and the desired estimate is straightforward. □ 

A. 6 Integral operators on and =^-spaces 

Proposition A. 12 Let a > -1, f5>k. For any e > we have 

J , ^a,(/3;k) X e , ^a+l-e,(/3;k) 

^'^\^{0<x<y},oo) ^ y =^{0<x<2/},oo '^{0<x<y},oo ' 

Remark A. 13 We expect the result to remain valid with e = 0, but the proof 
below fails for this value of e. In any case the current result is sufficient for our 
purposes. 

Proof: Write a + /3 = n - a, n G N, a G [0, 1). Let / G -^{oSij.oC 



ry 

9{y,v) = / f{s,y,v)ds . 
Jo 

We want to show that the function g satisfies the hypotheses needed to construct 
the extensions of Section A. 4. For j such that a + P — j > —1 we have 

didrig{y,v)= C{i,m)did^d2f{y,y,v)+ r did2f{x,y,v)dx . (A.34) 

£+m=7-l ''^ 
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Prom the definition of ^^'^^'^^ , one thus finds, for < 7 < n, 

Next, we need to control the modulus of Holder continuity of the top order 
derivatives. In order to do that, consider any of the terms appearing under the 
sum symbol in (A. 34) with j = n. For y' G B{y,y/2) we write 

did^d2[f{y,y,v)-f{y',y',v))\ = | J' [di+'d;;^d2f{s,s,v)+did^+'d2f{s,s,v)) 

<Cy-'^\lny\N 

< Cy-"\y' - y|| lny|^+i < C'y^-^-^y - y\^\ lny|^+^ (A.35) 
for any AG [0, 1]. Next, 

rdp2f{x,y,v)dx- r d;d2f{x,y',v)dx 
Jo Jo 



f 

Jy' 



d;;d2f{x,y,v)dx + {dp:ifix,y,v)-dp:ifix,y',v))dx. 

(A.36) 

The first term is estimated similarly to (A.35), 

f d^dZf{x,y,v)dx <Cy^-''-^\y' -y\^\lnyf^K (A.37) 
Jy' 

To control the second we will need a weighted interpolation inequality, obtained 
as follows: for t G [1/2,3/2] set 



xit) = d'^d2f{x,ty,v). 

Recall the inequality [14, Theorem A. 5] 

\\x\\x<Cx\\x\\\\\x\\l~^ , 0<A<1, 



(A.38) 



(A.39) 



where || • ||^ denotes the usual Holder C'^([l/2, 3/2]) norm. Applying (A.39) to 
X defined in (A.38) gives 

\d^d^J{x,y,v)-d;d^J{x,y\v)\ 

< <^(|2;-"| In^ x| )^ (x-'^l In^ a;| ) ^~ V^|y - v'l^ 

= Cx-^-^jln^xjjy-y'j^ . (A.40) 
It follows that the last integral in (A.36) converges for A < 1 — cr, leading to 

< A + a < 1 \d;d29iy,v) - d;d2giy',v)\ < Cy'-^'-y - y\^\ lny\^ . 

(A.41) 
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Setting 

90 = 9 , 5i = for 1 < z < n , 

by Lemma A.8 there exists a function h G y^~^~^=^{o<^<j,}. oo ^"^^ ^ — 
A + (7 < 1 such that dl.h\x=o = 9i- Define 



h = h{f) - h . 



For < i + J < n we write 



\didid2h\ = didid^i / f{s,---)ds-h 



dld^d^ ( r /(s, • • ■)ds -h- r f{s, ■ ■ ■)ds) 



< 



dld'v ( I' d^fis, ■ ■ ■)ds - d^h) \ + \dl£ • • ■)ds 



II 



The estimate of // is straightforward: 

\II\<C (^x'^+^+P-i-j + + ^a+i+p-i-kyk-j'^ I In^ xl . (A.42) 

To estimate / we use Taylor's formula, 

«_n Jo * J)- 



{n-i-j)\ yiifi J 0, otherwise. 



9{y,v), i = 0; 



This gives 



1^1 



{n-i-j)\ 



dt 



<Cj/i-'^-^| In^ t|(j/"+^-"-l+t'»+^-"-l)<2Cj/l-<'-^t^-i| In^ t\ 

(A.43) 



< C'a;"+^-*-Jy^-'"-^|ln^+^x 
This calculation also proves that 

For i + j > n we write 



.1— cr— A a?r 



\dldld^,h\ = / f{s,---)ds-h 



< 



+ 
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The second term is immediately estimated by a constant times x""^^ * ^y^ ^ \ In^ x\. 
The estimation of A is simplest when i > as then we have 

\A\ = \di-^did^fix,y,v)\ < C7(^x"+i+/^-^-^+x"+^-y-^+x°+^+^-'-V"^')|ln^^l • 

(A.44) 

When i = we use instead 

ry 



I) 1 1 J X 



i+rn=j-l 
<C3/«+i+/5-3| ln^3/|<Ca;«+i+'3-3| In^ x\ 

which is again estimated as in (A.44). Summarising, we have obtained 

for any < a+X < 1. Setting A = 1—a—e and estimating y^ < j/q, < yQx"'^^, 
the result follows. □ 

Proposition A. 14 Let a + pS > —1. For any e > we have 

Proof: The proof of point 1. is essentially the same as that of Proposition A. 12, 

once the integration by parts of (A. 45) has been done; we outline the main steps 
for completeness. We write again q + p(5 = n — a, n G N, o" G [0, 1). 
Let / G {o<x<y},oo- First we integrate by parts, obtaining 

^ s=y ^ ry 

hixP^ In^ xf) = ^ Cir)sP^+^ li/ sf{s, y, v) _ / C(r)sf''+^ In'' sd^fis, y, v)ds . 

(A.45) 

(The heuristics behind the integration by parts is that dxf behaves differently 
from / at the boundary, in particular dxf vanishes at the boundary for a > 1, 
while / itself does not.) We set 

N y 

giy, v) = -y^ Cir)sP^+' W sdxf{s, y, v)ds . 

A repetition of the argument in the proof of A. 12 shows that the function g 
satisfies the hypotheses needed to construct the extensions of Section A. 4, with 
m in Lemma A. 8 equal to n, /x = 1 — a and any < X < 1 — a. We set 

90 = g , 5j = for 1 < i < . 
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By Lemma A. 8 there exists a function h, belonging to the space ^ ^'^{Q<x<y} oo 
for any < A + cr < 1, such that dl.h\x=Q = Qi- The Taylor expansion as in the 
previous proof proves further that 

iT'^y {0<x<y},<x> ■ 

Let us now define 

TV 



y,v, 



r=0 



s=y 
s=x 



An argument as in the proof of Proposition A. 12 gives h G y'^ ^ {o<x<y} ,<x 
What remains are the terms 

N 



r=0 



s=y 
s=x 



The part with s = y is m 3^ [Q<x<y},oo ^ V {o<x<y} ,oo the part with s = x 
belongs to -, -a 

{a;=0},3;^{0<^<!/},oo 

Point 2 follows immediately from point 1 using the expansion (A. 8). □ 



Proposition A.15 1. h{^{o<x<y},oo) c '^{o<x<y}, 



^'^^'^{x=0},x'^'^l!i<x<y},^ C {a;=0},a;"#{o<x<j,},o 



J- ^^W{o<x<y},oc^ ^ {0<x<y},oc ' 

Proof: 1. For / G '^{o<x<y},oo define F := hif)- For j > 1 we have 

didid^F{x,y,v) = didi-^dZf{x,y,v) , 
and the estimates are obvious. For j = we use 

< Yl C'(A^) didTd:if{x,x,v) + f \did1f{x,s,v)\ds 

n I 1 J X 



e+rn=i-l 



<Cx^+^-mn-x\ <C'x^-^y\ln'^ x\ 

In the first term we estimate a;"+^~* < x°'~^yo, in the second y < yo, and the 
proof is done. 

2. The result follows from 1 and the definition of ^^^^^y p (see Equa- 
tion (A.8)). 

3. For / G ^^'^x<y}oo define F := hif)- We have to estimate 
\dxdydvF\. This is simplest for j > 1, we have then 

\dldld2F\ = \dldl-'d:^f\ , 



51 



and the appropriate estimates with /3— >-/3+l,A;— >-A; + l follow from the 
definition of . Again for 7 = we use 

{0<x<y},oo ° 



\did:^F\< c{e,m) did;'d^f{x,x,v) 

£+m=i-l 



+ / \dl,d2fix,s,v)\ds. 



<Cx"+^+^-i\ln^ x\ 

The second term is estimated by 
The calculation 

ln^+' x\ = In^+i x\ < x'^+il3+i)-{k+i)-iyk+i\^^N+i ^| 

ends the proof. □ 



B Polyhomogeneity of solutions for a class of lin- 
ear symmetric hyperbolic systems with smooth coef- 
ficients 

In this appendix we give a simple proof of a counterpart of [11, Theorem 3.4] 
without corner conditions. The "^^^ and spaces are defined as in [11, 

Sections 3.3, 3.4 and (A. 2)]. We work in the {x,v^,t) coordinates of [11], see 
Figure 1. Let us define the following space: 

#^ = |/ : V0<i+j + |7| <fe 

cPd^fK^ + 2r)"-^-^' a a-i-j>0 \ 

\OxOrO^ J\-<y fj^a-i-j if a - i - j < J " 

This space is very similar, hut not identical, to the space defined in (A. 14), 
because of the log factor occurring in (A. 14); that factor is not needed in the 
current section. Next, the space a| is defined as the space of functions which 
can be written in the form 

k Ni 

E E + 2^)'' + 2r) + fks+e , 

i=0 j=0 

for some e > 0, with functions fij G C^{Q,) and fkS+e € =^oo ■ ^^^^ always 
assume 1/5 G N. 

We note the following properties: 

Proposition B.l 1. c for a> j3, 
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2. '^^^ C , 



3. set /(.T,i;^,r) := f{x + 2t,v'^), then for a <^ % we have f G for 
f e = 0}) and f G for f G <({r = 0}), 

4. fePl^^xfe 

5. / G ^ d^f, drf G e 

Proof: 1: This fohows from the definition of from the fact that 

{x + 2r)"-^ < C. 

2: / G "^^"q iff for all m,n,^ satisfying < m + n + \^\ < I we have 
\d^d^d2f\ < Cx""™""". For a — m — n < this is exactly the estimate we need 
and for a — m — n > we have x"~"^~"' < (x + 2r)"~"^~'*. 

3: Since / G <^"(r = 0) we have \d^d^ f{x,v^)\ < Cx"""^. The following 
holds: \d^d^d2f{x,v^,T)\ = 2'^|9;^+"93'/(x + 2r, < C(.x + 2r)"-"^-", 
which together with (x + 2r)'^ < for /3 < yields the result. The statement 
concerning ^ follows from the application of the result to the error term fks+e £ 

4: This follows from d^dl^d2{xf) = md^-^dlfd^f + xd^dJ^d^f. 

5: Obvious. □ 

Remark B.2 Let 7 G M and / G It may happen that x'^f ^ or 

(x + 2Tr/^=^^^^- 

The behavior of ^ spaces under integration is summarised in the following 
proposition: 

Proposition B.3 Let f G a g M \ Z. T/ten 

rx+2T 



a+1 
00 ' 



h{f):= r f{x,v^,s)ds G 
^0 

Proof: First we note that 

da^hif) = hid^f) , drhif) = f{x + 2T,V^,0)+h{drf) , 

and for the latter integral 

da^hif) = h{d.f) , drhif) = fix, V"", t). 

Then the result is easily obtained, with the following formula being the key 
estimate: 

(x + 2r)"+^ _ x"+^ r C(x + 2r)"+^ a + 1 > 
a + 1 a + l-\Cx°+i a + KO ' 

□ 
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It is obvious that the standard space of poly homogeneous functions is 



closed with respect to xdx, the same is true for x^s^^. The A^. space does 
not have this property (terms like ^^^^ may appear). In order to fix this we 
introduce another space, denoted by A^_|_, consisting of functions which can be 
written as a finite sum of terms of the form 

jijtx\x + 2Ty^\^\x^2T) , 

with z, ^ G N, j G Z, < i + < fc(5, plus an error term ju+e € ^ ^ . The 
space A|_|_ as well as (x + 2r)^A^_j_ is closed with respect to xdx-, xdr and 

We use the symbols s^k^ , A^ and A^_|_ for spaces of function which can be 
written as sums of a finite number of terms as above without the error term. 

If we restrict ourselves to one value of r > then there is a correspondence 
between the spaces and a|^. Obviously any function belonging to 
belongs also to si/k^ + A^ and s/^^ + A|_|_. The relation in the opposite direction 
is given by the following Lemma: 



Lemma B.4 Let f>0 and let f e {^^ + A^^)|^=^. Then f e ■ 
Proof: The "error term' r G in / equals 

/ - ^ fijix'ix + 2Ty^ In'ix + 2r) - ^ fijx'^ In^ x , 

with both sums being finite. Prom the definition of our spaces we have 

j.KO+e n if kd + € — n < 0. 

We want to show that there exist fij such that 

The estimate for k6 + e — n < is trivial so we focus on the first case. Let 
us notice that k6 + e = m + a with m = [kS + ej and a G [0, 1). Now, r has 
m x-derivatives d^d^r bounded by a constant and the (m + l)-th x-derivative 
dj^'^^d^r is bounded by C ■ Therefore we can Taylor-expand r up to the 

order m. The rest is of order m + a: 

|r(^,„)_^^!:i^^Ma;^| <C.x™+" (B.3) 

i=0 

and the proof is easily completed. □ 

The following proposition gives the behaviour of polyhomogeneous spaces 
under integration: 
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Proposition B. 5 1. Lei / G (x+2t)^a|_^. There exists fp+kS+e^ ^ oo ^ 
for some e > 0, such that 

hif) G {x + 2Tfki^+fp+kS+e. 

2. Let f G xl^s^k^ . There exists ff^^kS+e £ such that 



hif) G (X + 2Tfki^ + xf^Jk^ + fp+kS+e ■ 

Proof: The proposition readily follows from the next two lemmata. □ 

Lemma B.6 Let f be a smooth function, p G M, fc G N. For all a G there 
exists N E N, sequences of numbers Ai £p + l + N,BiEN,a sequence of 
smooth functions fi and a function fa G such that 



N 



Ii (fxP In'' x) = ^fi{{x + 2r)^' In^^ (x + 2r) - x^' In^' x) + fa ■ 

i=l 

Proof: Integration by parts yields the result for / = 1. The result for general 
/ is also obtained by integration by parts: 



/ /^^' = /^^ - / f'v , 



where v' = s^ln*^ s. Using the result for / = 1 one gets that v has a power of s 
one higher than v' . Repeating this integration a finite number of times yields 
a result with an error term in and n high enough. □ 



Lemma B.7 Let f be smooth, i > —1 and a > 0. Then there exists n E N, a 
sequence of smooth functions fj and fa G such that 

n 

hifx') = J2 fj ((^ + 2r)^+^'+' - x'+'^') + fa . 

Proof: Since / is smooth it can be expanded in powers of x to any order and 
the result follows. □ 

Proposition B.8 Let (p be a solution of 

+ bif = c , 

with 

b G Coo(n) . 

Let us assume that 

ip{x,v,0)ex>^j^i^ 

and 

c G (x + 2T)^Af± + x'^Jk^ + Coom . 

Then 
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Proof: The solution of the equation at hand may be expressed as 
t) = r)(^(-, 0) + / R{; s)c{-,s) ds , 

JO 

where R{x, v, r) is the resolvent of the equation = —b(p. It is a standard 
result that for b G Coo{^) we have also R G Coo{^)- Then the result follows 
from the analysis of the above formula and Propositions B.3 and B.5. □ 

Now we are ready to pass to the proof of polyhomogeneity of solutions: 
Theorem B.9 Let a,P eM., A; G N, and let {(p,ip) G be a solution of 

drf + Buip + Bi2tp = Liiip + Li2ip + a , 
e+V + B21IP + B22tp = L2i(p + -L22V' + b , 

where e+ = dr — 2dx- Suppose that 

Lij = LpA + xL\^dr + xL^jdx , (B.4) 



with 
and that 



Bah e Coo(J^) , (B.Qs.) 
a, b G Coo(n) , (^(0), ^(0) G x^<(iV4o) • (B-^h) 



Then 



for some e > 0. 



00 



Proof: The proof is very similar to the proof of Theorem [11, Theorem 3.4]. 
First we notice that 



which is due to Proposition B.l point 2. For the purpose of the proof it will be 
convenient to use the following notation: 

^« := ^1 + Coo + x^Jk^ + {x + 2T)'«Af± . 

To prove the theorem we need to show 

e . (B.7) 

We rewrite the equations at hand as 

drV + Bn(p = ci , 
e+ip = C2 , 
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where 

ci := Liup + Li2ip + a - 31211^ , 

C2 := L2HP + L22i> + b — B21ip — B22i> ■ 

Let us start with the second of the equations. The integration yields 
ij{x,v^,T) = iP{x + 2T,v^,0) + ^h{c2) . 



C2 G #1 + Coo C =5^" . 



We have 

C2 € =^ 00 '-^oo 
Propositions B.3 and B.5 together with B.l point 1 yield 

Prom Proposition B.l point 3 we have 

'ijj{x + 2T,v^,0) G yf^+''^+^ . 

Therefore 

^ g ^min(a+l,/3+fei5+e) 

Now we estimate ci to be in ^^^^(a+i./J+feiJ+e) ^^^^ Proposition B.8 to get 

^ g ^min(Q;+l,/3+fe5+e) 

Then we repeat this procedure, with C2 now in ^m"i{o!+i./3+fe5+<:) g^j-^^j gj.g^ 
'0 then </? in the appropriate space with the error-term index increased by 
one. After a finite number of steps we get (B.7). □ 

Remark B.IO If we make an additional assumption that LJj = Lfj = 0, we 
obtaint the following variant of the result: 



The A^_|_ space has been replaced by A^. 
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